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Conserved momentum P =
∫
[∂tΦ∂xΦ] dx ; Ṗ = i[H, P ] = 0
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∫

T00dx ; P =
∫
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one particle state |k〉 ω(k) k
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Free scheme: correlators

Local operators : ∂
n1
x ∂

m1
t Φ(x1, t1) . . . ∂

nN
x ∂

mM
t Φ(xN , tN) :

Normal ordered products ( creation operators are on the left )

time ordered two point function

〈0|T (Φ(x1, t1)Φ(x2, t2))|0〉 =
∫ dk0dk1

(2π)2
i

k2
0−k2

1−m2+iε
eik0(t1−t2)−ik1(x1−x2)

Matrix elements of Φ

Using Poincare invariance:〈0|Φ(x, t)|k〉 = 〈0|e−iHtΦ(x,0)eiHt|k〉 = eiω(k)t−ikx

and so for t1 > t2

〈0|Φ(x1, t1)Φ(x2, t2)|0〉 =
∫ dk

2πω(k)〈0|Φ(x1, t1)|k〉〈k|Φ(x2, t2)|0〉

Wick theorem
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Φ(x, t) satisfies: (∂2
t −∂2

x+m2)Φ = −λdU
dΦ ; [Φ(x, t), ∂tΦ(x

′
, t)] = iδ(x−x

′
)

Poincare invariance: Φ(x, t) = e−iHtΦ(x,0)eiHt ; Φ(x, t) = eiPxΦ(0, t)e−iPx

Energy H = H0 + λ
∫

U(Φ)dx = H0 + Hpert Momentum P = P0

Perturbation does not change the operators O =: ∂kΦ . . . ∂lΦ :
and the spectrum (except mass) [special perturbation]

Correlators: 〈0|T (O1 . . .ON)|0〉 = 0〈0|T (O1...ONei
∫

Hpert)|0〉0
0〈0|Tei

∫
Hpert|0〉0

〈0|T (O1 . . .ON)|0〉 = ∑∞
n=0

(−iλ)n

n! 0〈0|T (O1 . . .ON(
∫

Ud2x)n)|0〉conn
0

for normal ordered perturbations all terms are finite
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Operator algebra [Φi][Φj] =
∑

k Ck
ij[Φk]

Operator - state correspondence
{Φ(x, t)} ↔ H

Lee-Yang model: the only pr. field Φ
(−1

5,−1
5)

= Φ and [Φ][Φ] = [1] + CΦ
ΦΦ[Φ]

Relevant (integrable) perturbations S = SCFT − λbulk
∫

dt
∫

dxΦ(x, t)

Assumptions:
Hilbert space does not change

spectrum, operator algebra smoothly changes →
Operator content

Bulk operators [1],[Φ(x, t)]
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Integrable Langrangian: L = 1
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Perturbative → IFT scheme

Integrable Langrangian: L = 1
2(∂tΦ)2 − 1

2(∂xΦ)2 − m2

λ cosh(
√

λΦ)

Local operator algebra, spectrum smoothly changes:

Operator content O =: ∂kΦ . . . ∂lΦ :

Only one selfconjugate particle with mass µ(λ)

Energy H = H0 + Hpert, Momentum P are conserved (Ė = Ṗ = 0) and generate

Φ(x, t) = eiHtΦ(x,0)e−iHt ; Φ(x, t) = eiPxΦ(0, t)e−iPx

Energy: E = ω(k) =
√

µ2 + k2 = µ cosh θ Momentum P = k = µ sinh θ

notation |k〉 = |θ〉

Higher spin conserved charges En = qn coshnθ and Pn = qn sinhnθ
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Integrable Field Theory scheme vi = sinh θi

Bulk two particle in state: t→ −∞
v1 > v2

Bulk two particle out state: t→∞
v1

>v2

Free, noninteracting in particles ← S-matrix → Free, noninteracting out particles

|θ1, θ2〉in = S(|θ1 − θ2|)|θ1, θ2〉out

θ1 > θ2

|θ1, θ2〉 = S(θ1 − θ2)|θ2, θ1〉

Integrability→ factorizability:

|θ1, θ2, . . . , θn〉 =
∏

i<j

S(θi − θj)|θn, θn−1, . . . , θ1〉
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Consequences of integrability

Integrability→ infinite conserved charges→ shift the trajectories

α
θ1

γ
θ3

δ
λ

θ 2

β

κ

µ
ν

ρ

α
θ1

γ
θθ2

β
3

δ
κ

λ

α
θ1

γ
θ3

δ
λ

β

θ2

ν

µ

ρ

κ

Factorization

Sδκλ
αβγ(θ1 − θ2, θ2 − θ3, θ1 − θ3) = S

µν
αβ(θ1 − θ2)S

ρλ
νγ(θ1 − θ3)S

δκ
µρ(θ2 − θ3)

Yang Baxter equation

S
µν
αβ(θ1−θ2)S

ρλ
νγ(θ1−θ3)S

δκ
µρ(θ2−θ3) = S

µν
βγ(θ2−θ3)S

δρ
αµ(θ1−θ3)S

κλ
ρν (θ1−θ2)
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Properties of the S-matrix from the perturbativ scheme

Definition S(θ) =out 〈θ1, θ2|S|θ1, θ2〉in = 〈θ2, θ1|θ1, θ2〉 where θ = θ1 − θ2 > 0

need: analytic structure of

S matrix
↔ reduction formula ↔ known: analytic structure of

correlators

< out|O(x, it)|θ1, θ2, . . . , θn > = 2πδ(θ1 − θ)〈out\θ|O(x, it)|θ2, . . . , θn >

−Z−1/2
∫ ∞
−∞

d(it
′
) e−i(iω(θ1))(it

′
)

∫ ∞
−∞

dx
′
e−ip(θ1)x

′
{−∂2

it
′ − ∂2

x
′ + m2}

< out|T (Φ(x
′
, it
′
)O(x, it))|θ2, . . . , θn >

Analytic continuation in θ1:

(time reversal) it→ −it continuation: θ1 → iπ − θ1 Unitarity S−1(θ) = S(−θ)

Crossing (x, it)→ (−iT, X) θ → iπ
2 − θ Crossing S(θ) = S(iπ − θ)

Singularity properties of the correlators: Landau equations
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S-matrix bootstrap

Integrability: shifting the trajectories→factorization + bootstrap

The only nontrivial scattering matrix S2
2(|θ1 − θ2|) = S(θ) θ > 0

θ’
Μ

θ’

θ1 θ2

θΝ

2θ1
’

θ
2

−
2

θ
2

−

θ

imim

im im

2
θ
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Minimality: all singularity has physical origin: γ > 0 end of the story (sinh-Gordon):

Bootstrap :
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for γ = −2
3 self-fusion: Lee-Yang,

for generic γ sine-Gordon B2, B3, . . . , Bn, s, s̄


