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Massive integrable boundary QFT in 1+1 D (diagonal)

X tT
—_—

.
5(0lpp(t)]01,00,...,00)%




Plan of talk

B(0|lpp(t)]61,62,...,0n)

m
B

Boundary form factor

/

wp(t): local boundary operator

= t

v

Bulk < >
Bulk form factors+|B)

E f

Boundary < > i
Boundary form factors!

N\ .
01,02,...,0n)%
Asymptotic states >

Y 9 >0

JU A

> > >\

Boundary reduction formula >

l

Consistency equations !

—  Axioms >
Minimal solution >

Perturbed boundary Lee-Yang




Integrable massive BQFT as perturbed BCFT

Boundary conformal field theory

Operator - state correspondence

/‘T% {ep(t)} < Hp

Bulk operators ® (x, t) ©p(t) Boundary operators Bulk - Boundary OPE

s,
V

Integrable perturbations

0]
S = Sporr—pk [ dt [ de®(@,)=dpary [ dtop(®)

Hilbert space does not change Operator content
Assumptions: spectrum, operator algebra smoothly changes — | Bulk operators ®(x, t)
Boundary operators g (t)
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Correlation functions I: bulk operators

One point function g(0|P(z,t)|0)g = %

01 ...d0,, B , |
n=0 2% m«”(b(a:, t)|01,...,0n)(01,...,0n|B)e” ™" >_i—1Coshb;

Bulk form factor boundary state

Expansion for | large « |using bulk form factors and the boundary state

Boundary operators x = 0 | — new (boundary) technic is needed




Correlation functions ll: boundary operators

Boundary two point function B{0lpp(t)pp(0)|0)p =

doy...d0n
n=010" wiznyn BOleB(D)]01,...,0n) B B(01,- - -,0nlep(0)[0)5

time dependence:

ZOO . fOOO qufll(g d9n|F<PB(9 7 9n)|2€_mt Z?Zl cosh 6,

)"

boundary form factor

7%,03(9]_7 .. 7971) —B <O|¢B(t)|917 . 70n>%1

Boundary correlation functions, large t expansion— boundary form factors |>



Asymptotic states: |61,65,...,0,)" v; = sinh 6;

V2 < Vl
e

AN VANEYAY

Free, noninteracting in particles «— | S-matrix | — Free, noninteracting out particles
61,602)™ = S(161 — 02))]61, 62)°*
01 > 0>
01, 02) = S(01 — 02)[02,01)

Unitarity ~ S*(01 — 05) = S~ 1(61 — 62) = S(0> — 67)

Integrability — factorizability:

101,02, .. .,0n) = [ S0 — 000,01, ..,01)
1<J



Boundary asymptotic states: 01,65,...,60,)%

Boundary one particle in state: t — —o0 Boundary one pt out state: ¢ — o0

Vi Vil

—= =
Free in particle — | R-matrix | — Free out particle
61)% = R(|61])161)%"
61 >0
01) B = R(61)| —01)B
Unitarity:  R*(0) = R~1(0) = R(-0)
Integrability — factorizability:
101,02,...,00)p = |] S(6; —6,) [ R(6;)| — 01,—02,...,—6n)p
1<J 1



Analytic structure: reduction formula

Unitarity S*(01 — 05) = S~1(01 — 05) = S(6> — 01) not restrictive enough

need: analytic structure of

< | reduction formula

S matrix

known: analytic structure of

correlators

< 01,05, 000, Din > | =[38(0; — 0){0a,...,0n]0(, D)]in\ 0 >

iz 42 [ at e~ (01)¢ I da' (D7 {53
— 0

— 0

o 82/ + mQ}
x

< 0o, ..

L0 T(P(2,)O(z,t))|in >

Crossing S(01—6>) = 8S@Gimr—601 4+ 6>)

sinh 847 sin %
sinh Q—z‘sing

perturbed Lee Yang model S;y (6) =




Analytic structure: boundary reduction formula

Unitarity R*(01) = R~1(01) = R(—61) not restrictive enough

need: analytic structure of

boundary reduction formula

R matrix

known: analytic structure of

boundary correlators

B <01,0p,...,0n|0()|in >p =

(5(91—6>B<62,..

O O@®[in\ 0 >g

/ . / O / / /
i27-1/2 / Tt eiw (D)t / dz'cos(p(61)2 ){03 — 62 + m?+6(2) /}
— O

— 00

B <02,....00|T(®(z,t)OM)]in >p

Boundary crossing R(61) = S(2601)R(im — 61)

perturbed boundary Lee Yang

so=-(3)(5)=-15] « W=wa-2
=R




Analytical properties of the bulk form factors

Bulk form factor 01 >0>>...>0n
FP(01,...,0n) = (0|0(0,0)|61, ..., 0n)
FO(On, ..., 01) = (0/0(0,0)|0n, ..., 01)
Example F(01,02) = S(01 — 02)FS (02, 61)
/ / / /
FQ (01,...,0,,101,...,0n) = {(61,...,0,,|0(0,0)|01,...,6n)
Permutation Fn(;)z(ella m|91702) — S(Ql _02) 2(817°"70/Tn|927(91)
FC (0161, ..,0n) = FY 1(91,...,9n,9 — 4m)
Crossing from reduction formula @ 1906 - Gn)F 1001, On—1)
F17.(0]0n,...,01) = ?51(9+z7r Hn,... 01)
+6(0 —On)F”_ 1(0p—1,...,01)




Analytical properties of the boundary form factors

Boundary form factor 01 >60>>...>60,>0
FO(01,...,0,) =g (0|0(0)|61,...,0n) 5
F(=01,...,—0n) =p (0|O(0)| — 01, ...,—0n)p
Example Flo(ﬁl) = R(Ql)Flo(—Hl)
/ / / /
FQ (01,...,0,,|01,...,00) = p01,...,0,,|000)|01,...,60n) 5
!/ !/ /
FO1(01, - ,0m|01) = R(61)F 20 (61, Ol = 01)
9 _
Reflection X a0 = o 0(91’ — Orm)
+45(6° + %)F&wl, D
FO(001,...,0n) = F +1(9 +im, 01, ....00)
Crossing from +46(0 — 91) 1(927 ., 0n) I~
reduction formula Flc?n(_e/| —04,... Qn) — 1( 0 +im, —01,...,—0p) |
a6 - 91> O (=63,...,~60)
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Comparison to other approaches

FO. (65, .., m|91)—R(91) O (07,...,0,] —01)
Consistency egs.: ‘|‘%5(9— 5 )F 0(919---7‘9;77,)
derived FO (611601, ..,0n) = R(—0,)FC (=001, . ..,6y)
+25(9’+E)F&(91,... On)
FO (001, ...,0n) = 1(9 +im, 01,...,0p)
+5(6 — «91) 1(02,-- ,0n)
FO (=0 —04,..., en)_ n+1( 0 +im, —01,...,—0n)
+6(0 — 01)FO [ (—0o,...,—0p)

Similar equations in spin models BUT WITHOUT 95(9 — =5
M. Jimbo, R. Kedem, H. Konno

XXZ,XYZ T. Miwa. R. Weston NucI.Phys. B4438 (1995) 429-456
Higher rank XXZ Y.-H. Quano Int.J.Mod.Phys. A15 (2000) 3699-3716
Belavin's Z,-symmetric Y.-H. Quano J.Phys. A33 (2000) 8275
A( )1face model Y.-H. Quano J.Phys. A34 (2001) 8445-8464

Equations are DERIVED — | valid for any QF I for form factors of local operators! |
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Bulk form factor axioms

Permutation '
Fg(Ql,...Qi,9i+1,...,9n): \e- —
S(0; = 0i4 1) i (61, - 041,635 .-, 6n) / 01t
92
ei+1

0
0

Periodicity
F2(01,...,6p-1,6n) =
FO(0n 4+ 2mi,01,...,0,_1)

6, 5
(v)
6, 5

1
Jod
1

Kinematical singularities
. ) /
—zresHZQ/FS_l_Q(@ + im,0,01,...,0n) =

= (1-117=, S0 — 6)) FO(61,...,67)

Res

Dynamical singuralities
. VA
—zreseze/FnO_l_Q(Q + iu,0 —iu,01,...,0n) =
rF§+1(9, 01,...,0n)




Boundary form factor axioms |

01
Reflection
F??(ela”‘aen—laen): —
R(0)ES (61,...,0,,_1,—6n) 6
Bi+1
6n
61
Permutation
FP(01,...05,0i41,...,6n) = _
S(0; — 0;4.1)FY(01,...0;41,0;,...,6n) 6
Bi+1
6n
61
Boundary periodicity 6,
Fn(,/)(917027"'70n): —
R(im — 01)F9 (2im — 01,05, ...,6p) G 6
Bi+1 Bi+1
6n 6n
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Boundary form factor axioms |l: kinematical singularities

Bulk kinematical singularities
. /
—ireseze/F7?+2(9 +im,0,0q1,...,0,) = .
(1 -1 S(0—0,)S(0 +0,)) E2(01,...,6n)

_ZreSQZH/FT?-I—Q(_Q —I_ iﬂ-, 9/, 91, 5 0 0 ,en) p—

(R(6) —TT1 1 S(6 — 6:) R(0)S(6 +6,)) FY (61, -, 0n)

Boundary kinematical singuralities

_iresez%FS_l_l(e, 91, S, Qn) —

5 (1 — 11 5(F - 90) F7(01,...,6n)




Boundary form factor axioms |ll: dynamical singularities

Bulk dynamical singuralities
. AV
—zreseze/Ff_l_QE/)Q + iu,0 —iu,01,...,0n) =
I_Fn_l_l(Q, 91, ooy en)

Boundary dynamical singuralities
—ZfeSQ:ZUF7?+1(917 e o vy Qn, 9) —
gEe (01, ,0n)
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Solving the bulk form factor equations

Bulk theory with S(6): FF axioms + minimality — Solution of the FF equations

Step 1. Solve first the two particle case F'5(01 — 0>) = f(0)

f0) =500)f(=0) ; [flr+0)=f(ir—0)

minimality: only dynamical poles, one zero at & = O, minimal growth at § — oo

Step 2. Take the Ansatz to satisfy the permutation and the periodicity axioms

1
i<j i T T;
Qn(xq1,...,xn): completely symmetric polynomial
Step 3. Derive recursion relations from the singularity axioms
kinematical Q,,4>(—x,x,1,...,2n) = Po(x|21,...,20)Qn(T1,...,%n)
dynamical Qn_|_1(ewx, e W, xq,...,xn) = Rp(z|z1,...,20)Qn(x, x1,...,Tn)

Step 4. Solve recursion, classify the solutions: operator content
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Perturbed Lee-Yang model

sinh 047 sin %
sinh 80—z sin %

Bulk theory with S(0) =

Step 1. Solution of the two particle case F»(601 — 0>) = f(0)

coshéf —1 d sinh £ smh smh
f(e) — 1’0(7:71'—0)’0(—1:7'('—'—0) ; v(@) = exp {2/ 2 z@a:/ 2 }
cosh 6 + 5 o T smh

minimality: dynamical pole at 6 = 2%”, zero at @ = 0O, growth: f(0) — 1 for 6 — oo

Step 2. The Ansatz satisfying the permutation and periodicity axioms

f(0; —0;) 31/4 \"
F,(01,...,0,) = H,Qn(x1, .. - : H,=<O0O —
O1,-,02) = HuQu(an, ..,w) [[ L2 <0> (5503
1<J J
Qn(xq,...,2n): completely symmetric polynomial

Step 3. Recursion relations from the singularity axioms

kinematical Q4 o(—x,x,21,...,2n) = Pa(x|z1,...,20)Qn(x1,...,Tn)

(—1)”2132 n n .
Po(x|z1,...,20) = e —2) (g(wz 2 o (g — g5=)) — E(% — x4 )(z; + x)) T+ =eTax

dynamical Qn+1($—|—7x—7aj17“ CUn) — LUH 1($+$Z)Qn(x L1y )
17



Perturbed bulk Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Qi=1, Q=01 Qz=o102... , [qy(@+az)=2_gabo, 4

The solution with minimal degree is unique. Which operator is it? Compute 2pt:

(0]0(x,0)0(0,0)|0) = X252 o(—1)" J§° T5n F2 (81, - ., On) |26~ 2im1 COSN B

Large distance expansion < Compare to short distance (UV) expansion
A=Aps)+g [ dad
(25) T 9 (3:3)

P y = & field with smallest scaling dimension

VY
gl
gl

(0]®(x, 0)(0,0)|0) = a5 + 25C (D) + ...
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Perturbed bulk Lee-Yang two point function

Conformal limit compared to form factor expansion

el ) S B T LS R R (NP

G(r)

0 | LA (S | 1 1 | | | ! I 1 1 I l i Jasi |

0 05 A .15
mr

Fig. 3. Convergence of the large-distance expansion for small mr. Empty triangles: zero- and one-
particle contributions. Empty circles: the same plus two-particle term. Full circles: up to three-particle
state contributions. Full curve: the short-distance data.

Al. B. Zamolodchikov NPB348 (1991) 619.

(O[®(z,0)®(0,0)[0)

4 2
Conformal limit: x5 —I—wEC’(q;q)(CD)

FF expansion 0+1+2+3pt: |F8b|2—|—

_foo d6’|F{b|2€—mxcosh9

—OO?

df1dO
+ %% 28| PP (61,02)12

.e—maz(cosh §1+cosh 6>)

+ 22 d91d92d93|F§b(91,92,93)|2---

0 6(27)3
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Solving the boundary form factor equations

Boundary theory with S(6),R(0): BFF axioms + minimality — Solution of the BFF eqs

Step 1. Solve first the one particle case F1(0) = r(0)

r(8) = R(O)r(—8) : r(im —0) = R(O)r(ix + )

minimality: only dynamical poles, one zero at & = O, minimal growth at § — oo

Step 2. Take the Ansatz to satisfy the reflection, permutation and the bperiodicity axioms

1

Fa(61,..-.60) = HnQu(ur. .. un) T[r(0) - TT (6,4 6;)£(6;— 6))

Yii<y Yi + Yj

Qn(y1,...,yn): completely symmetric polynomial of y = et + e— 0

Step 3. Derive recursion relations from the singularity axioms

bulk kinematical Q,,4-2(=v, ¥, y1,---,yn) = Pn(yly1,-- -, yn)@n(y1, .-, yn)
boundary kinematical Q,,41(0,y1,.--,¥yn) = Pu(y1, -, yn)Qn(y1, ..., yn)
dynamical Q41 (¥+,Y—y1,-- - yn) = Ra(Wly1, -, yn)Qn(y,y1,-- -, Yn)

Step 4. Solve recursion, classify the solutions: operator content
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Perturbed boundary Lee-Yang model
Boundary theory with S(0) = — [%} , R(0) = (%) (%) (—%) [b_gl] [bgl}
Step 1. Solution of the one particle case F7(6) = r(0)

isinh(6)
(sinh 6 +isinZ(b+ 1))(sinh 6 —isinZ(b+ 1))

Cdt | 1 ¢ ' tsinh2 +sinht —sinhi
u(0) = exp / — | —=——F — 2cosh —cos T—e — 6 : 22 3
o t |sinhz 2 2 s sinh<t

minimality: dynamical poles at 6 = m(bTil) zero at 0 = O, growth: 7(0) — 1

r(0) = u(6)

Step 2. The Ansatz satisfying the permutation and periodicity axioms

. 'y . | 1/4 \"
F.(641,...,60,) = nQn(yl,...,yn)H (G)Hf(e ej)f(el"i_ej); Hn:<0>< 3 )

vi i witw 2172(0)

Step 3. Recursion relations from the singularity axioms

bulk kinematical Q4o = PpQn with 8,(b) = 2cos(Z(b+ k)) and y+ = 2cosh(6 + %)

a2 )
P, = (& — BN~ — A2, () <H(yz—|—y+)(yz—y)—H(yz—y+)(yz+y)>

2(y+ —y-)

dynamical Q1.1 (Y1, Y=, Y1, - -, yn) = (Y2 +623(0)) y [T~ 1 (v+v:) Qn(y, y1s - -, yn)
21



Perturbed boundary Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Q1 =01, Q2=o01(00+3—5%5(b));
Q3 =o01(01(02 + 5%(@)(02 + 5%1(5)) — (0o +3)(0100 —03)) ...

The solution with minimal degree is unique. Which operator is it? Compute 2pt:

(0]O()O(0)|0) = 02 (=)™ J6° fjl(éf)emﬂ?(el, . Op) |2t i cOSN

Large distance expansion. <= Compare to short distance (UV) expansion

00 0] 00
A= Apcrr(as) +g/_00dt/_00dxq>( INCOELY I TR0

1 =  boundary field with smallest scaling dimension

1
5

(0p(£)(0)|0) = —t5 + £5CE, () + ...
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Perturbed boundar Lee-Yang two point function

Conformal limit compared to form factor expansion (0]|p(t)(0)|0)

0.8

0.7

0.6

05 |

&
04 |

0.3

02 |

0.1

0

2 1
Conformal limit: —t5 4 t5C 5, ()

BFF expansion 0+1-+2-+3pt: !F80|2+

oo df | Y2 _—mtcoshd
— JO Z|F1| e

+ /o° %Wéﬁ(ﬁ,@zﬂz

.e—mt(cosh §1+cosh 0)

0 o.<|301 o.cl)oz o.cl)os 0.(|)04 o.(l)o5 o.(l)oe 0.<|)o7 0.(I)08 0.(|)09 0.01 _|_ fgo d961(d297$)d393 |F§0(61’ 82’ 03) |2 o
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