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j = c†j+c†j−

I njσ = c†jσcjσ

I nj = nj− + nj+, Nj = nj+nj−
I molecular boson operators b, b† which obey

[b, b†] = 1, Nb = b†b

I total number of “bosons” N =
L∑

j=1

Nj + Nb.



Boundary Quantum Inverse Scattering Method
L-operator → Monodromy matrix → transfer matrix →
Hamiltonian



Boundary Quantum Inverse Scattering Method
L-operator → Monodromy matrix → transfer matrix →
Hamiltonian
We construct a family of commuting transfer matrices

[t(u), t(v)] = 0.



Boundary Quantum Inverse Scattering Method
L-operator → Monodromy matrix → transfer matrix →
Hamiltonian
We construct a family of commuting transfer matrices

[t(u), t(v)] = 0.

Taking the series expansion

t(u) =
∞∑

k=−∞
tkuk



Boundary Quantum Inverse Scattering Method
L-operator → Monodromy matrix → transfer matrix →
Hamiltonian
We construct a family of commuting transfer matrices

[t(u), t(v)] = 0.

Taking the series expansion

t(u) =
∞∑

k=−∞
tkuk

we have
[tk , tj ] = 0, ∀k, j

constants of the motion → use to construct Hamiltonian →
resulting model is integrable.
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R12(u−v)R13(u−w)R23(v−w) = R23(v−w)R13(u−w)R12(u−v)

su(2) invariant R-matrix solution

R(u) =


1 0 0 0
0 b(u) c(u) 0
0 c(u) b(u) 0
0 0 0 1

 ,

b(u) = u/u + η, c(u) = η/u + η, η is an arbitrary complex
parameter.
The L-operator is given by (spin 1/2 realisation)

Lj(u) = I +
η

u
Sj for

Sj =

(
Nj − 1

2 S−j
S+

j
1
2 − Nj

)
.
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We note that for
L̂j(u) = I − η

u − η
Sj ,

we have Lj(u)L̂j(u) =
(
1− 3η2

4u(u−η)

)
I and the L-operator satisfies

R12(u − v)L1(u)L2(v) = L2(v)L1(u)R12(u − v).

We take the following realisation of the molecular boson
operators b, b†:

J(u) =

(
1 + ηu + η2(Nb + 1) ηb

ηb† 1

)
,

Ĵ(u) =

(
1 −ηb
−ηb† 1 + ηu + η2Nb

)
,

where J(u)Ĵ(u) = (1 + ηu)I and

R12(u − v)J1(u)J2(v) = J2(v)J1(u)R12(u − v).
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The doubled Monodromy matrix is given by

T (u) = L1(u − ε1)...LL(u − εL) J(u)KĴ(−u)

×L̂L(−εL − u)...L̂1(−ε1 − u)

where

K =

(
1 0
0 −1

)
.

Taking an expansion about u →∞, we can write

T (u) ≈ uT0 + u0T1 + u−1T2 + u−2T3.

The transfer matrix is given by

t(u) = Tr0[KT (u)]

≈ ut0 + u0t1 + u−1t2 + u−2t3.



The Hamiltonian is related to t3 by

H = lim
η→0

U

4η2

(
t3 + 2η2

L∑
i=1

ε2i − 4η2N(N − L)− η2L(2L − 3)

2

)

making the substitutions:

εi = Uε2i , gi = Uεi ,

ω = U(L − 2N).
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Eigenvalues of the transfer matrix - Sklyanin ’88, Hikami ’95.
Our ingredients:

I R-matrix

I spin L-operators Lj(u)

I bosonic L-operator J(u)

I the boundary K matrices

I doubled monodromy matrix T (u).

The transfer matrix is given by

t(u) = Tr0[KT (u)].
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Through the boundary Yang-Baxter equation

R12(u − v)(T (u)⊗ I )R12(u + v)(I ⊗ T (v))

= (I ⊗ T (v))R12(u + v)(T (u)⊗ I )R12(u − v)

we solve the eigenvalue equation

t(u)Ψ = Λ(u)Ψ

by the (boundary) algebraic Bethe ansatz method.
Represent the doubled monodromy matrix as

T (u) =

(
A(u) B(u)
C (u) D(u)

)
,

so that the transfer matrix is given by

t(u)Ψ = (A(u)− D(u))Ψ.
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Using the operator

Â(u) = A(u)(2u + η)− D(u)η

we can rewrite the relevant relations arising from the YBE in a
more convenient form. Correspondingly, the transfer matrix may
now be written as

t(u) =
1

2u + η
Â(u)− 2u

2u + η
D(u).

The reference state:

|Ω〉 = |0〉
L⊗

i=1

(
0
1

)
i

.

Calculate the action of diagonal elements on reference state.
Recall the doubled Monodromy matrix is given by

T (u) = L1(u − ε1)...LL(u − εL)J(u)KĴ(−u)

×L̂L(−εL − u)...L̂1(−ε1 − u).



Action is given by

Â(u)|Ω〉 = 2(u + η)α(u)α̂(−u)|Ω〉,
D(u)|Ω〉 = −δ(u)δ̂(−u)|Ω〉,

where

α(u)|Ω〉 = (1 + ηu + η2)
L∏

i=1

(
1− η

2(u − εi )

)
|Ω〉

α̂(−u)|Ω〉 =
L∏

i=1

(
1− η

2(u + εi )

)
|Ω〉

δ(u)|Ω〉 =
L∏

i=1

(
1 +

η

2(u − εi )

)
|Ω〉

δ̂(−u)|Ω〉 = (1− ηu)
L∏

i=1

(
1 +

η

2(u + εi )

)
|Ω〉.
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Ψ =
N∏

α=1

C (vα)|Ω〉,



Taking the Bethe ansatz to be

Ψ =
N∏

α=1

C (vα)|Ω〉,

commute the diagonal elements past the Bethe ansatz

Â(u)C (v) =
(u − v + η)(u + v + 2η)

(u + v + η)(u − v)
C (v)Â(u)

− 2η(u + η)

(2v + η)(u − v)
C (u)Â(v)

+
4vη(u + η)

(2v + η)(u + v + η)
C (u)D(v).

D(u)C (v) = ...
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We find that for

t(u)Ψ = Λ(u)Ψ + “unwanted terms”,

Λ(u) =
2(u + η)(1 + ηu + η2)

2u + η

N∏
α=1

(u − vα + η)(u + vα + 2η)

(u + vα + η)(u − vα)

×
L∏

i=1

(u − εi − η/2)(u + εi + η/2)

(u − εi )(u + εi + η)

+
2u(1− ηu)

2u + η

N∏
α=1

(u + vα)(u − vα − η)
(u + vα + η)(u − vα)

×
L∏

i=1

(u − εi + η/2)(u + εi + 3η/2)

(u − εi )(u + εi + η)
,



provided that the Bethe ansatz equations hold

vβ(1− ηvβ)

(vβ + η)(1 + ηvβ + η2)

L∏
i=1

(vβ + εi + 3η/2)(vβ − εi + η/2)

(vβ + εi + η/2)(vβ − εi − η/2)

=
N∏

α 6=β,α=1

(vβ − vα + η)(vβ + vα + 2η)

(vβ + vα)(vβ − vα − η)
, β = 1...N.



Results in the quasi-classical limit
Expanding the eigenvalue in terms of u, we obtain

Λ(u) ≈ −2η2L+ 4η2N + 2 + 2η2

+
η2

u2

[
L2 − 4LN − 2

L∑
i=1

ε2i + 4N2 − 3L
2

+ 4
N∑

α=1

v2
α

]
= λ0u + λ1u

0 + λ2u
−1 + λ3u

−2

In particular,

λ3 = η2

[
4

N∑
α=1

v2
α − 2

L∑
i=1

ε2i + 4N2 − 4LN + L2 − 3L
2

]
.



This leads us to the energy of the Hamiltonian

E = U
N∑

α=1

v2
α

and the corresponding Bethe ansatz equations

−1− 1

2v2
β

+
L∑

i=1

1

(v2
β − ε2i )

=
N∑

α 6=β,α=1

2

(v2
β − v2

α)
.
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(
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)
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Mapping to a Schrödinger equation

−d2Ψ(x)

dx2
+ V (x)Ψ(x) = EΨ(x)

Set U = −1, ε2i = ε and v2
β = xβ. Shift xβ → xβ + ε/2,

BAE become

−1− 1

2

(
1

xα + ε/2

)
+

L
xα − ε/2

= −
N∑

β 6=α,β=1

2

xβ − xα
.

Pick the following ansatz for an ODE:
F (y) = (y2 − (ε/2)2)Q ′′(y)

−
[
−1

2(y − ε/2) + L(y + ε/2)− y2 + (ε/2)2
]
Q ′(y).

For Q(y) =
N∏

α=1

(y − xα), we can check that F (xα) = 0 using the

BAE.



Put F (y) = (Ay + B)Q(y).
Using identities derived from the BAE, it can be shown

A = N,

B = −E − N

(
L − N +

1

2

)
− Nε

2
.

where

E = −
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−
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Put F (y) = (Ay + B)Q(y).
Using identities derived from the BAE, it can be shown

A = N,

B = −E − N

(
L − N +

1

2

)
− Nε

2
.

where

E = −
N∑

α=1

v2
α = −Nε

2
−

N∑
α=1

xα.

Hence Q(y) satisfies the differential equation[
Ny − E − Nε

2
− N

(
L − N +

1

2

)]
Q(y) = (y2 − (ε/2)2)Q ′′(y)

−
[
−1

2
(y − ε/2) + L(y + ε/2)− y2 + (ε/2)2

]
Q ′(y).
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ODE, the Ψ′(x) term cancels.



Substitute y = − ε
2 cosh x and put

Ψ(x) = exp(−g(x))Q(x).

We need to find g(x) such that upon substituting Ψ(x) into the
ODE, the Ψ′(x) term cancels. With a bit of work, we obtain

g(x) =
1

4
[ε cosh(x) + (2L+ 1) ln(cosh(x) + 1)].

Now

Ψ(x) = (cosh (x) + 1)−(L/2+1/4) exp
(
− ε

4
cosh(x)

)
×

N∏
α

(− ε
2

cosh x − xα).



Schrödinger equation is

−d2Ψ(x)

dx2
+ V (x)Ψ(x) = EΨ(x),

where

V (x) = −N

(
ε

2
(cosh(x) + 1) + L − N +

1

2

)
+

(2L+ 1)2

16

−(2L+ 1)ε

8
− (2L+ 1)(2L+ 3)

8(cosh(x) + 1)

+
(2L − 1)ε cosh(x)

8
+
ε2 sinh2(x)

16
.



Schrödinger equation is

−d2Ψ(x)

dx2
+ V (x)Ψ(x) = EΨ(x),

where

V (x) = −N

(
ε

2
(cosh(x) + 1) + L − N +

1

2

)
+

(2L+ 1)2

16

−(2L+ 1)ε

8
− (2L+ 1)(2L+ 3)

8(cosh(x) + 1)

+
(2L − 1)ε cosh(x)

8
+
ε2 sinh2(x)

16
.

This belongs to a class of known quasi-exactly solvable (QES)
potentials given in Turbiner, Commun. Math. Phys. 118 (1988)
467.
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A second mapping
Dukelsky et al. Phys. Rev. Lett. 93 (2004) 050403 showed the
Hamiltonian has an exact solution for U = 0 and gj = g :

H =
L∑

j=1

εjnj + ωNb + g
L∑

j=1

(b†S−j + bS+
j )

Setting εj = ε and g = −1, the BAE are

2ε− ω − vα +
L
vα

= −
N∑

β 6=α,β=1

2

vβ − vα

where the energy is given by

E = −
N∑

α=1

vα + 2εN.



Q(y) =
N∏

α=1

(y − vα) satisfies the differential equation

yQ ′′(y) +
[
(ω − 2ε)y + y2 − L

]
Q ′(y) + [−N(y + ω) + E ] Q(y) = 0.



Q(y) =
N∏

α=1

(y − vα) satisfies the differential equation

yQ ′′(y) +
[
(ω − 2ε)y + y2 − L

]
Q ′(y) + [−N(y + ω) + E ] Q(y) = 0.

Substituting y = x2/4 and further setting z = x/2, β = ω− 2ε, we
can rewrite the ODE as a Schrödinger equation,

−d2Ψ(x)

dx2
+ V (x)Ψ(x) = ĒΨ(x)



where

V (z) = z6 + 2βz4 +
{
β2 + 2(1 + 2N −M)

}
z2

+
(M + 3/2)(M + 1/2)

z2

Ē = −2β(2N −M)− 4
N∑

j=1

xj ,

Ψ(z) = z−(2M+1)/2 exp

(
z4

4
+
βz2

2

) N∏
α=1

(
z2 − xα

)



where

V (z) = z6 + 2βz4 +
{
β2 + 2(1 + 2N −M)

}
z2

+
(M + 3/2)(M + 1/2)

z2

Ē = −2β(2N −M)− 4
N∑

j=1

xj ,

Ψ(z) = z−(2M+1)/2 exp

(
z4

4
+
βz2

2

) N∏
α=1

(
z2 − xα

)
For L = −1/2 this belongs to the class of QES potentials studied
by Bender and Monou, J. Phys. A: Math. Gen. 38 (2005) 2179
(PT-symmetric).
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has two distinct integrable manifolds in paramemeter space.
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The general Hamiltonian

H =
L∑
j

εjnj + ωNb + UN2
b +

L∑
j

gj(b
†S−j + bS+

j )

has two distinct integrable manifolds in paramemeter space.

For a certain submanifold in each instance, we have shown that the
spectrum can be mapped to that of a QES Schrödinger potential.
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H = ε(n1 + n2 − n3 − n4) + g(n1n3 + n2n4 + a†1a
†
2a3a4 + a1a2a

†
3a
†
4)

where the {aj , a†j |j = 1, 2, 3, 4} are canonical boson operators
satisfying

[aj , ak ] = [a†j , a†k ] = 0,

[aj , a†k ] = δjk I , and nj = a†j aj .
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†
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1
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2 = −a†3a

†
4, S−2 = a3a4, Sz
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1
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(n3 + n4 + 1),

S+
3 = a†1a4, S−3 = a†4a1, Sz

3 =
1

2
(n1 − n4),

S+
4 = a†3a2, S−4 = a†2a3, Sz

4 =
1

2
(n3 − n2),
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1

2
(n1 − n2), K2 =

1

2
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1
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1
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which for j = 1, 2, 3, 4 satisfy the su(2) commutation relations with
a central extension:

[Sz
j , S±j ] = ±S±j , [S+

j , S−j ] = 2Sz
j , [Kj , Sz

j ] = [Kj , S±j ] = 0.



We will also need the corresponding Casimir invariants

Cj = S+
j S−j + Sz

j (Sz
j − I ).
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We will also need the corresponding Casimir invariants

Cj = S+
j S−j + Sz

j (Sz
j − I ).

In terms of these operators we can express the Hamiltonian as

H = H12 − g(C1 + C2 − (Sz
1 + Sz

2 )2 − 2K1K2 + 2(Sz
1 + Sz

2 )− 1

2
I )

= H34 − g(C3 + C4 − (Sz
3 + Sz

4 )2 − 2K3K4 + Sz
3 + Sz

4 ).

where

Hjk = 2ε(Sz
j − Sz

k ) + g(S+
j S−j + S+

k S−k + S+
j S−k + S+

k S−j ).



The energies of H12 are given by E12 = (p − q)ε− 2
M∑
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vj

where the {vj} are solutions of the BAE
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− p + 1

vj + ε
− q + 1

vj − ε
=
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, j = 1, . . . ,M.



The energies of H12 are given by E12 = (p − q)ε− 2
M∑

j=1

vj

where the {vj} are solutions of the BAE

2

g
− p + 1

vj + ε
− q + 1

vj − ε
=

M∑
k 6=j

2

vj − vk
, j = 1, . . . ,M.

While the energies of H34 are given by E34 = (p̃ − q̃)ε− 2
M̃∑

j=1

ṽj

where the {ṽj} are solutions of the BAE

2

g
+

q̃

ṽj + ε
+

p̃

ṽj − ε
=

M̃∑
k 6=j

2

ṽj − ṽk
, j = 1, . . . , M̃.
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The Bethe ansatz solutions are equivalent when
p̃ = p + M, q̃ = q + M and M̃ = M,
with the energy of the Hamiltonian given by

E = g(p + M)(q + M) + (q − p)ε− 2
M̃∑

j=1

vj

= g(M̃ − p̃)(M̃ − q̃)− gM̃ + (p̃ − q̃)ε− 2
M̃∑

j=1

ṽj .

Generalising the previous work, for BAE of the form

A +
B

vj + γ/2
+

C

vj − γ/2
=

M∑
k 6=j

2

vj − vk

setting

ψ(x) = (cosh(x)− 1)−(B/2+1/4)(cosh(x) + 1)−(C/2+1/4)

× exp(
Aγ

4
cosh(x))

M∏
j=1

(
γ

2
cosh(x) + vj),



it can be shown that ψ(x) satisfies the Schrödinger equation

−d2ψ

dx2
+ V (x)ψ = Eψ



it can be shown that ψ(x) satisfies the Schrödinger equation

−d2ψ

dx2
+ V (x)ψ = Eψ

where

V (x ;A,B,C , γ) = M(M − B − C +
Aγ

2
cosh(x)− 1)

+
1

4
(B + C + 1)2 +

A2γ2

16
sinh2(x)

+
Aγ(C − B)

4
− Aγ(B + C )

4
cosh(x)

+
(2B + 1)(2B + 3)

8(cosh(x)− 1)
− (2C + 1)(2C + 3)

8(cosh(x) + 1)
,

with E = A
M∑

j=1

vj .



Returning to the Hamiltonian, we fix g = 1.



Returning to the Hamiltonian, we fix g = 1.
From the two Bethe ansatz solutions, we obtain the potentials

V12(x ; p, q) = V (x ; 2,−(p + 1),−(q + 1), 2ε)

+ (p + M)(q + M) + (p − q)ε,

V34(x ; p̃, q̃) = V (x ; 2, q̃, p̃, 2ε) + (M̃ − p̃)(M̃ − q̃)− M̃ + (p̃ − q̃)ε.

where for V12, E = −2
M∑

j=1

vj , while for V34, E = −2
M∑

j=1

ṽj .
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It can been seen that the unitary transformation

a†1 ←→ a†3, a†2 ←→ a†4 (equivalently ε→ −ε)

maps between the hermitian and PT-symmetric problems.



Returning to the Hamiltonian, we fix g = 1.
From the two Bethe ansatz solutions, we obtain the potentials

V12(x ; p, q) = V (x ; 2,−(p + 1),−(q + 1), 2ε)

+ (p + M)(q + M) + (p − q)ε,

V34(x ; p̃, q̃) = V (x ; 2, q̃, p̃, 2ε) + (M̃ − p̃)(M̃ − q̃)− M̃ + (p̃ − q̃)ε.

where for V12, E = −2
M∑

j=1

vj , while for V34, E = −2
M∑

j=1

ṽj .

It can been seen that the unitary transformation

a†1 ←→ a†3, a†2 ←→ a†4 (equivalently ε→ −ε)

maps between the hermitian and PT-symmetric problems.

While the equivalence of the Bethe ansatz solutions gives a
spectral equivalence between two hermitian QES potentials.
THANKS!
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