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Hamiltonian
We begin with the Hamiltonian

L L
H=> enj+wN,+UN;+> g(b'S; + bS})
Jj=1 J=1
with
» spin operators for Cooper pairs
ij = Gj_Cjt, Sf = CL_cj_
> Njo = CjTaCjo
> nj =nj_ =+ njy, NJ' = njynj_
» molecular boson operators b, b' which obey
[b,bT] =1, N, =bib
L
» total number of “"bosons” N = Z N; + Np.
j=1
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Boundary Quantum Inverse Scattering Method
L-operator — Monodromy matrix — transfer matrix —
Hamiltonian

We construct a family of commuting transfer matrices

[t(u), t(v)] = 0.
Taking the series expansion
o
t(u) = Z tuk
k=—00

we have
[tka tj] = 07 Vka./

constants of the motion — use to construct Hamiltonian —
resulting model is integrable.
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Yang-Baxter equation:
Ri2(u—v)Ri3(u—w)Ro3(v—w) = Raz(v—w)Riz(u—w)Ria(u—v)

su(2) invariant R-matrix solution

1 0 0 0
[0 b(u) c(u) O
RW =10 c(u) blu) 0]

0 0 0 1

b(u) =u/u+mn, c(u)=mn/u+mn,nisan arbitrary complex
parameter.
The L-operator is given by (spin 1/2 realisation)

Lj(u) = [+ %Sj for

N -1 S
% = (JS*Z %-J’Vj)'
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We note that for

0 n
Liw=1-—""5,
j(u) u_n
we have L;(u)L;(u) = (1 - ﬁ%) | and the L-operator satisfies

Ri2(u — v)Li(u)La(v) = La(v)Li(u)Ria(u — v).

We take the following realisation of the molecular boson
operators b, b':

1+nu+n3(Np+1) nb
J(u):< n UZT(b )771>,

A _ 1 —nb
) = <—an 1+nu+ nZNb> ’
where J(u)J(u) = (14 nu)! and

ng(u - V)Jl(u)JQ(V) = J2(V)J1(U)R12(U - V).



The doubled Monodromy matrix is given by

T(u) = Li(u—e)..Le(u—ep) J(u)KI(—u)
xLp(—ep — u)...Li(—e1 — u)

<=2 2).

where
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The doubled Monodromy matrix is given by

T(u) = Li(u—e)..Le(u—ep) J(u)KI(—u)
xLp(—ep — u)...Li(—e1 — u)

K:(é _°1>.

Taking an expansion about u — oo, we can write

where

T(u) =~ uTo+ T+ v T +u 2T,
The transfer matrix is given by

t(u) = Tro[KT(u)]
~ uty+ Ot + u s + u .



The Hamiltonian is related to t3 by

L
U
H = lim — [ t3 +2n? 2 _4n’N(N — L) —
n@04n2<3+ni§:1€, n-N( )

n?L(2L — 3)
2

making the substitutions:

2
gi = Uej, g = Ue;,

w = U(L—-2N).
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Algebraic Bethe ansatz
Eigenvalues of the transfer matrix - Sklyanin '88, Hikami '95.
Our ingredients:

> R-matrix

> spin L-operators L;(u)

» bosonic L-operator J(u)

» the boundary K matrices

» doubled monodromy matrix T (u).

The transfer matrix is given by

t(u) = Tro[KT (u)].
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Through the boundary Yang-Baxter equation

Rua — v)(T(6) @ Ria(u+ V)(I & T(v))
= ® T(v)Ri2(u+ v)(T(v) ® IRi2(u — v)

we solve the eigenvalue equation
t(u)V = A(u)¥

by the (boundary) algebraic Bethe ansatz method.
Represent the doubled monodromy matrix as

o= (45 8)

so that the transfer matrix is given by
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Using the operator
A(u) = A(u)(2u + 1) — D(u)y

we can rewrite the relevant relations arising from the YBE in a
more convenient form. Correspondingly, the transfer matrix may
now be written as
1 - 2u
t(u) = A(u) =
2u+n 2u+n

D(u).
The reference state:
£ /0
m-0®()

Calculate the action of diagonal elements on reference state.
Recall the doubled Monodromy matrix is given by

T(u) = Li(u—er)..Le(u—ep))(u)KI(—u)
XZL(*GK — u)...[l(—el — U).



Action is given by

where

= 2(u+Ma(w)a(-u)|),
= —5(u)d(~u)|Q),




Taking the Bethe ansatz to be



Taking the Bethe ansatz to be

N

v =] C(w)i9).

a=1
commute the diagonal elements past the Bethe ansatz

5 _ (u=v+n)(ut+v+2y) 5
A(U)C(V) — (U+V+’I’])(U— V) C(V)A(U)
3 2n(u +n) DAY
(2v+n)(u—v) ElleAl)
4vn(u+n)
* 2v+n)(u+v+n) C(u)D(v).
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We find that for

t(u)V = A(u)V + “unwanted terms”,
My = 2EmQtnuto?) B (e vo tn)(utva+2n)
- 2u+n (U+Va+77)(u_va)

a=1

L
u—e, n/2)(u+ €i +1/2)
XH (u—€))(u+e€ +n)

=

2u(1 —nu) 11 (U4 va)(U = Vo — 1)
2u+n (u+ va+n)(u—va)

a=1

I

2
" (u—e€i+n/2)(u+ e +3n/2)
,l_‘[ (v —e€i)(u+ei+mn)



provided that the Bethe ansatz equations hold

v(1 — nvp) ﬁ (v + e +3n/2)(vg —€i +n/2)
(vs +n)(L+nvg+n°) -7 (vs+ € +n/2)(vp — € —n/2)

_ ﬁ (v3 = va +m)(vs + va +21) B =1..N.

b1 (VBT Va)(Vp = va —1)



Results in the quasi-classical limit
Expanding the eigenvalue in terms of u, we obtain

ANu) ~ —20°L+49>N +2 +21°
772 2 = 2 2 3L & 2
+ S |L2—4LN-2) e +4N —7+4Zva
i=1 a=1

u2
= AU + )\1U0 aF )\2u71 aF )\3U72

In particular,

N L 3L
As = 11 [4Zv§2ze,?+4/v24£/\/+£22
a=1 i=1




This leads us to the energy of the Hamiltonian

N
E=U)
a=1

and the corresponding Bethe ansatz equations

N

R 1 2
—1—2‘/54‘2 62): Z (2_V2'

2 _
= (5=« aB,a=1
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N
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Mapping to a Schrodinger equation
_d2\U(x)
dx?2

Set U= —1, ¢ = ¢ and v[% = xg. Shift xg — x3 + €/2,
BAE become

+ V(x)¥(x) = EV(x)

N

1 < 1 ) L 2
2 \ Xo +¢€/2 Xo — €/2 ﬁ¢%_l Xg — X

Pick the following ansatz for an ODE:
Fiv)= (/= (/21)Q"(y)
— |30 — /) + LUy + ¢/2) = ¥ + (/2] Q).
N
For Q(y) = H(y — Xo ), we can check that F(x,) = 0 using the

a=1

BAE.



Put F(y) = (Ay + B)Q(y).
Using identities derived from the BAE, it can be shown

A=N,
1 Ne
B=-E—-N —N+=) - —.
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where N N



Put F(y) = (Ay + B)Q(y).
Using identities derived from the BAE, it can be shown

A= N,
1 Ne
B=—-E—-N N+ =) - —.
<c +2> !
where N N
E:—z_:lviz—l\ée— _lxa

Hence Q(y) satisfies the differential equation

Ny £ - (2N 3)] Q) = 02 - 2P

_ [_;(y —€/2) + L(y +¢/2) =y + (6/2)2] Qy)-



Substitute y = —5 cosh x and put

V(x) = exp(—=g(x)) Q(x)-
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We need to find g(x) such that upon substituting W(x) into the
ODE, the W’(x) term cancels.



Substitute y = —5 cosh x and put

V(x) = exp(—=g(x)) Q(x)-

We need to find g(x) such that upon substituting W(x) into the
ODE, the W’(x) term cancels. With a bit of work, we obtain

g(x) = %[e cosh(x) + (2£ + 1) In(cosh(x) + 1)].
Now

W(x) = (cosh(x)+ 1)~ (/2414 exp (—2 cosh(x))

N
X H(—g cosh x — X,).



Schrodinger equation is

2y (x
d ;I)J((2 ) + V(x)V¥(x) = EV(x),
where
€ 2
V(x) = =N (2(cosh(x) +1)+L-N+ ;) + (2['1;1)
(2L+1)e (2L+1)(2L+3)
- 8 B 8(cosh(x) + 1)

(2L — 1)ecosh(x) €2 Sinh2(x)
+ 5 +—




Schrodinger equation is

B d?W(x)
dx?

+ V(x)¥(x) = EV(x),

€ 1) (2L +1)?
— 2 +

V(x) = =N (2(cosh(x)+1)+£/\/+ T
(2L+1)e (2L +1)(2L+3)

- 8 ~ 8(cosh(x) +1)
+(2£ — 1)e cosh(x) n €2 sinh2(x).

8 16

This belongs to a class of known quasi-exactly solvable (QES)
potentials given in Turbiner, Commun. Math. Phys. 118 (1988)
467.
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L L
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A second mapping
Dukelsky et al. Phys. Rev. Lett. 93 (2004) 050403 showed the
Hamiltonian has an exact solution for U = 0 and g; = g:

L L
H=> ejnj+wNy+g) (b'S; + bS;")

Jj=1 J=1
Setting €; = € and g = —1, the BAE are

N

L 2
26 —w—Vy+—=— E
Vo VgV,

where the energy is given by

N
E= —Z Vo + 2eN.
a=1



N
Qy) = H(y — Vg ) satisfies the differential equation
a=1

yQ"(y) + [(w—26)y +y* = L] Q(y) + [-N(y +w) + E] Q(y) = 0.



N
Qy) = H(y — Vg ) satisfies the differential equation
a=1

yQ"(y) + [(w—26)y +y* = L] Q(y) + [-N(y +w) + E] Q(y) = 0.

Substituting y = x2/4 and further setting z = x/2, 3 = w — 2¢, we
can rewrite the ODE as a Schrodinger equation,

3 d?W(x)

92 + V(x)V¥(x) = EV(x)




224+ 282" + {2 +2(1+2N — M)} 22
L (M+3/2)(M +1/2)

Z2

—2B3(2N — M)

7= @M+1)/2 o <
4

4ij,

Bz
2

I

«

22 — x,

)



V(z) = 224282+ {B*+2(1+2N - M)} 2
(M +3/2)(M+1/2)

z2

E = —28(2N— M) 4ij,

W(z) = zCMHD2ey p(4 = ) H(zz—xa)

a=1

For £ = —1/2 this belongs to the class of QES potentials studied
by Bender and Monou, J. Phys. A: Math. Gen. 38 (2005) 2179

(PT-symmetric).
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Conclusion
The general Hamiltonian

V& &
H=> cjnj+wNp+ UN; + > gi(b'S7 + bS}")
j j

has two distinct integrable manifolds in paramemeter space.

For a certain submanifold in each instance, we have shown that the
spectrum can be mapped to that of a QES Schrodinger potential.
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Other equivalences
We begin with the Hamiltonian

H = 6(!71 +np —n3 — n4) aF g(n1n3 + nong + 31323334 4= alazagajl)

where the {a;, a}r li =1,2,3,4} are canonical boson operators
satisfying

[a), a] = [a], a}] =0,

[aj, al] =0jl, and  nj= aj.aj.



We introduce the operators

St =alal, S
Sy = —agai, Sy,
Sy =alas, S5
Si = agag, Sa
Ki = %(nl - m),

1
K3 - E(nl T n4)7

= —aiay,
= dsds,
= a};al,
= 3533,
K> =

Ky =

1
Sf = 5(”1 +np + 1),
1
53 = 5(n3 +ng + 1),
SZ = 1(f71 — n4)
3 2 b
SZ = 1(I’l3 — n2)
4 2 )
(n3 - n4)7
1
E(ng =4k n3)



We introduce the operators
+_ Lt - z_ 1
S = aja,, S =—a1a, S = §(n1 + np +1),

1
Sy =—alal, S, —aa, S5= 5 (3 +ns+1),

1

5; = aia4, Sy = a};al, S5 = §(n1 — ng),
+_ —_ s_ 1.
Sp = aza, Sy = aas, Si = 2(”3 n),
1 1
Ky = 5("1 — ), Ky = 5("3 — ng),

1 1
Ks=s(m+m),  Ki=5(n2+ns)

which for j = 1,2, 3, 4 satisfy the su(2) commutation relations with
a central extension:

[S7, STl =+S", [S, Si1=25F, [K;, Sf1=1K;, S1=0.



We will also need the corresponding Casimir invariants

G =557 + S/ (5F ~ 1.



We will also need the corresponding Casimir invariants
. — §t¢g- Z(§%7
G =S/ +$3(5F = 1),
In terms of these operators we can express the Hamiltonian as

1
H = le—g(C1+C2—(51Z+522)2—2K1K2+2(512+522)—5/)
= Hi—g(C+ Co— (S5 + S§)? — 2Kz Ky + S5 + S3).



We will also need the corresponding Casimir invariants
_ Gtc— z(cz
G =557+ 7S] )
In terms of these operators we can express the Hamiltonian as
1
H = Hp—g(C+ G —(Sf+S5) —2KiKo + 2(Sf + S5) — L,
= Hi—g(C+ Co— (S5 + S§)? — 2Kz Ky + S5 + S3).
where

Hic = 2¢(S7 — SE) + 8(S7Si + S S + ST S + S5 S7).
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M
The energies of Hiy are given by E1p = (p — g)e — 2 Z vj

j=1
where the {v;} are solutions of the BAE
M
2 1 1 2
i_ip—‘l— _q+ :Z 5 :1, .,M.
g Vi +¢€ Vi — € Py Vi — Vg

While the energies of Hs,4 are given by Ezs = (p — §)e — Z
=1
where the {¥;} are solutions of the BAE

2 g p L
i_i_N _|_~ :Z J:].,,M
g Vi € Vi —€
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M
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The Bethe ansatz solutions are equivalent when
p=p+M, g=qg+ M and M= M,
with the energy of the Hamiltonian given by

M
E=glp+M)(g+M)+(a—pe—2) v
j=1

m
=g(M—p)(M—8)—gM+(p—ge—2) .
j=1
Generalising the previous work, for BAE of the form

M
B C 2
A+V'+ /2+V'— /2:Zv-—v
] Y ] v k#j J k

setting
qﬁ(x) = (COSh(X) _ 1)—(3/2+1/4)(C05h(x) + 1)—(C/2+1/4)
Y

Ay v
X exp(T cosh(x)) H(E cosh(x) + vj),
j=1



it can be shown that ¢(x) satisfies the Schrodinger equation

d2
*de + V(x)y = &Y



it can be shown that ¢(x) satisfies the Schrodinger equation

d2
L V(= £

where

V(x;A B, C,v)=MM—-B— C—i—%cosh(x) -1)

2.2
-+3B+C+iY+A£me%@
Ay(C—-B) Ay(B+C)
+ 4 - 4
(2B+1)(2B+3) (2C+1)(2C +3)

8(cosh(x) —1)  8(cosh(x) +1)

cosh(x)

M
with €= A) v

Jj=1



Returning to the Hamiltonian, we fix g = 1.



Returning to the Hamiltonian, we fix g = 1.
From the two Bethe ansatz solutions, we obtain the potentials

Via(x;p,q) = V(x:2,—(p+1),—(q+1),2)
+(p+ M)(qg+ M)+ (p— q)e,
Vaa(x; B, §) = V(x:2,8,p,2€) + (M —p)(M—g)— M+ (p—

M M
where for Vi, & = —22 vj, while for V34, & = Z V.
j=1 Jj=1
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Returning to the Hamiltonian, we fix g = 1.
From the two Bethe ansatz solutions, we obtain the potentials

Via(x;p,q) = V(x2,—(p+1),—(q+1),2e)
+(p+ M)(g+ M)+ (p—q)e,
Vas(x; @) = V(x:2,d,p.2¢) + (M — p)(M — @) — M+ (p— §)e.
M M
where for Vi, & = —22 vj, while for V34, & = —22 vj.
j=1 J=1

It can been seen that the unitary transformation

| S| |

a; «— a3, ay,<«—a, (equivalently e — —¢)

maps between the hermitian and PT-symmetric problems.



Returning to the Hamiltonian, we fix g = 1.
From the two Bethe ansatz solutions, we obtain the potentials

Via(x;p,q) = V(x2,—(p+1),—(q+1),2e)
+(p+ M)(g+ M)+ (p—q)e,
Vas(x; @) = V(x:2,d,p.2¢) + (M — p)(M — @) — M+ (p— §)e.
M M
where for Vi, & = —22 vj, while for V34, & = —22 vj.
j=1 J=1

It can been seen that the unitary transformation

| S| |

a; «— a3, ay,<«—a, (equivalently e — —¢)

maps between the hermitian and PT-symmetric problems.

While the equivalence of the Bethe ansatz solutions gives a
spectral equivalence between two hermitian QES potentials.
THANKS!
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