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Outline of Talk

Boundary sinh-Gordon model is simple but has enough

variety.

1. Introduction: bulk theory

Sin
Sin
2. Bouno

n-Gordon as an integrable theory:
n-Gordon as a Liouville perturbation

ary Theory

Symmetric potential at one edge

3. Boundary Theoryi
Non-symmetric potential at both edges
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Introduction

What is a useful relation between the Sinh-Gordon
Theory and Liouville Theory ?

(1) ShG model is integrable. (IR property)
Thermodynamic Bethe ansatz (TBA) allows to evaluate the

ground energy at a given finite size.

(2) ShG model can be viewed as a perturbation
However, perturbing term isot compactcosh(2b¢)

Liouville CFT (UV limit) + relevant perturbation.
Liouville theory provides other tool such as Liouville refi®n
amplitude (LRA) to find the same ground energy.

The Two methods provide an independent check.
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BASIC FACTS OF SINH-GORDON FEILD
THEORY



ShG on an infinite plane (1)

ShG action ;

Sshe = //_OO dxdy { ! (8,0)° + 211 cosh (2b¢)}

(Conveniently put on a Euclidean space-time)

Non-trivial conservation laws ensure the integrabilityt
model. 90T, = 00,_4

There exists a single species of particle with a physicakmas

i) = [z -mor () (57)]
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ShG on an infinite plane (2)

m2

Bulk vacuum energy& -yt

scattering amplitude of the particle with masss
given:

~ sinh € —isinmp
~ sinh @ + i sin wp
No pole in the physical strigd < Im 6 < «

S(0)
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Bulk TBA (1)

Partition function: Z = Tre % = Tre=##

R/ g /
L =
As L. — oo, pick up the ground state energy:

_ Z o—REa

{a}

e~ LFo — Tre HH

(1) Introduce the spectral density ( occupied and unoccupand write the free
energy in terms of the spectral density

(2) Minimize the free energy to obtain the ground energy uiiegelation of

spectral density through the Bethe ansatz equation.
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Bulk TBA  (2)

Hamiltonian eigenstates are massive particle statescleart
massmn and its energyn cosh 6. Treat the particles as obeying
exclusion principle.

(1) Use spectral densify(6) ( particle density per length{ per
rapidity (©)) to put free energy:

7 = / dp] exp(— RE)

F=-8+ L/ dfp(6)m cosh 0

— OO
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Bulk TBA (3)

(2) EntropyS counts the number of ways how to occupy the states
(degeneracy of filling the states).

s 17 ((p+ pu)LAG)
‘ _H(pme)!(phme)!

prn(0) is the “hole" spectral function, representing unoccupied
states.

(3) In the thermodynamic limit, — oo, we may put the entropy as

S = L/ d9 {(p+ pr)In(p + pn) — pInp — ppIn pp,}

— o0
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Bulk TBA (4)

(4) Minimize the free energy with respectt@ndp,.

SF — L/ 465 p{mR cosh 6 — In(Z"L2VY — 50, {In(PPRYy = 0
— 00 P Ph

(5) Use the relation between spectral densities:

exp(iLm sinh 6;) H S(6 = exp(i27mn;(0)) .
J=1,%#1

m cosh 6 + /OO db’' (0 — 0")p(0") =27 (p(0) + pn(6)),

— 00

where ¢(0) = —id1n S(0)/086.

77,((9) — nOCCUPied(g) + Munoccupied (‘9)

. 1 anoccupied(g) . 1 anunoccupied(e)
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Bulk TBA (5)

Ground energy Is given as

FEo(R) =ER — QE/COShHIOg (1+e) do
T
1 d 1 4sinmpcoshb
)= ———1 0) =
2 (0) 27 db 05 5(9) 27 cosh 260 — cos 2mp

TBA for pseudo energy(0) = log(pn/p):

e(f) = mRcosh§ — ¢ xlog (1 + 6_6(0))

bulk energy€ =2 is added to normalize the energy

8 sin p
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BASIC FACTS OF LIOUVILLE FIELD
THEORY



Liouville on a cylinder (1)

Liouville action on a cylinder with radiugr:

21
S = / dr / da +,u62bﬂ

(1) Add a background charg® = b + 1/b to make
¢(z =0+ i1, Z =0 —i7) transform as:

dw |?

(w,0) = 9(z,7) — % log |

(2) Energy-momentum tens@i(z) = —(9¢)* + Qd*¢ ensures
conformal invariance with central charge

o, = 14 6Q*
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Liouville on a cylinder (2)

(3) vertex operatoV,(z) = ¢2** has a conformal
dimension

Ala) =a(Q — a),Ala) = a(Q — a).
2-point correlations are given as

<V&(x)VQ—0¢(y)> — ‘ZC _ ;’4A(a)

<voz(x)voz(y)> — ‘CIZ ??STEL)A(&)

D(«) is called 2-point function.

SMFT2007, MELBOURNE, JANUARY 2007 — p. 14/77



Liouville on a cylinder (3)

Louville potential and reflection amplitude

(1) Louville theory may be viewed as a free theory if the
field far away from the waktxp(2b¢)
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Liouville on a cylinder (4)

(2) Inthe flat regiong is decomposed In oscillator modes :

(4) ¢o Is the “zero mode” of the Liouville field

27 do .
b= [ . P

(5) Virasoro generators (holomorphic part):

Lo = 2Za_kak +Q%/4 + P?
k>0

= Z akGn_r + (2P +inQ)a, n #0
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Liouville on a cylinder (5)

(6) Primary statél'p (« = Q/2+iP; Ap = Q%*/4+ P?) hasthe
form at away from the wall:

Up oc (2% 4+ 5 (P)e %) |Fock vacuurh

S| (P) is called the Liouville Reflection Amplitude (LRA).
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Liouville on a cylinder (6)

(7) Relation betwee®(«) andSy (P):

D(% +iP) = S.(P)

Explicit form of LRA

SL(P) = — (muy (1) "
['(1 4+ 2:bP)I(1 + 2iP/b)
“ T(1 = 2ibP)T(1 — 2iP/b)

dualityb — 1/b: mugy(1/b%) = (,Nlu,y(b2))1/b2

One may check LRA using equation of motion at the classical
limit b — 0.
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SHG AS A LIOUVILLE PERTURBATION
THEORY



ShG as a Liouville perturbation (1)

Put ShG field on a circle of lengthr (rescaleR — R/(27))

27T 2-4+2b2
R

2+2b2
+ W ( i ) G_Qbﬂ
27

Consider the zero modg, of Liouville field on a circle of
length2r.  As bg, > 1, one may regard’_,(z) = e=2* as
a perturbed potential:

ShG = Liouville + perturbation
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ShG as a Liouville perturbation (2)

AS g — o0

(1) one hasSs.c= S, + (1, 3) perturbation,

p— [

fi = p(R/2m)*+"

(2) Away from the Liouville potential wakkxp(2b¢), a primary
stateVp (dimensionAp = Q?/4 + P#) has the asymptotic
form

Up = (Ape*7%0 + A_e %) |Fock vacuum

A_ ~
A_+ = 5.(P) = 5.(P)

p—p
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ShG as a Liouville perturbation (3)

Likewise, as bpy < —1
(1) RegardV;(z) = €*? as a perturbed term.
(2) The primary state away from the wall

Up = (A e*7%0 + A_e %) |Fock vacuurh

Ay

- = SU(P) = 5u(P)

p—p

SMFT2007, MELBOURNE, JANUARY 2007 — p. 22/77



ShG as a Liouville perturbation (4)

(3) Consistency requireB Is quantized:

2

[S‘L(P)r =1 o [Su(pyertrersn] =g

In “mini-superspace" approach, the wave is moving
iInside the left and right potential wall.
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ShG as a Liouville perturbation (5)

Ground energy Is given as

Ey = —% (c. —24Ap) + power-like correction

— _% (1 —24P%) + power-like correction

Quantization condition determinés

Su(P)er@ustm ) 15 (P) = —BuP)
— AL(P) =7 +4PQlog(R/27) = 6; P + 63P° + 65 P° - - -
UV behavior is given as

T 2472 487155(b) 2+2p?
EO—_@<1— 62 -+ 65 —|—>—|—O(R )

¢ = 8, (b) — 4PQlog(R/2n)
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ShG as a Liouville perturbation (6)

Numerics forA_ (P) and consistency check.
LRA result: 5. (P) = — exp(iAL(P))

_aipp L'(1 + 200P)D(1 + 20P/b)
['(1 — 2ibP)I(1 — 275P/b))

AL(P) = —ilog ((mw(bZ))

TBA result:

R
A[BA(P) =T + 4PTBA Qlog(%)

USing Prga = \/(1 — ceff(R2))/24 and E(-)I-BA(R) = —GRCefi(R)

s

6

(1 — 24PTQBA) —sR- " /coshé’log (1 + 6_8(0)) do

EJPA(R) = =
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ShG as a Liouville perturbation (7)

Numerics ofA (P)
p=04,p=0.3,p=0.2,p=0.1 from top to bottom
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BOUNDARY THEORY |

SYMMETRIC POTENTIAL AT ONE EDGE



LIOUVILLE THEORY ON A STRIP



Liouville Theory on a strip (1)

conformal boundary action (width =)

Sstrip(T) = /Z dr [/OW (ﬁ(aagbf 4 ,ue2b¢> do

+ Moe(7,0) + Mye(r, W)}

boundary parameters are parametrized

1/2
Ma,b:< a ) cosh(7bsg p)

sin 7b?
sq.p 1S real or purely imaginary
(Uses — —storestrict 0 <Ims < ;)

SMFT2007, MELBOURNE, JANUARY 2007 — p. 29/77



Liouville Theory on a strip (2)

In the regiony, — —oo,
¢ 1s decomposed In oscillator modes :

$(0,7) = do — 2PT+ Y e " eos (n0) , [am, a,] =

oo IS the “zero mode” of the Liouville field

" do 9,
¢o:/0 ¢(O-)?7 73:—@8750

Virasoro generatof,

Lo = QZ&_kCLk —|—Q2/4—|—P2

k>0
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Liouville Theory on a strip (3)

Put background charge = b + 1/b so that

(1) Bulk field V,,(z) = ¢*** has a conformal dimension
Ale) =a(Q —a), Ala)=a(Q—a).

(2) Boundary fieldBY | = (eWB) has a conformal dimension

Sa,Sh

Ap(8) = 6(Q —B).
Boundary 2-point correlations are given as

(B, ., (1) BE2(0)) =1 (By (1) By ,,(0) = De(8).

Sa,Sbh SbySa Sa,Sh SbySa

Dg(0) is called boundary 2-point function.
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Liouville Theory on a strip (4)

Primary statel' » away from the wall with
conformal dimensiom\ = Q?/4 + P?:

Up o (exp(iPog) + Se(P|sq, sp) exp(—iPgy)) |Fock va
Sg(P|sq, sp) Is called the boundary LRA.

Boundary LRA is given in terms of boundary
2-point function :

Dg(8) = Se(P|sa, sp)
whenﬁ = Q/Q + 1P .
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Liouville Theory on a strip (5)

Explicit form of boundary LRA:

o2\ P/ Ty (20P)
_ 2\ 7.2—2b b
Sa(P|s4, 5) = (mw(b )b ) F 2P
Sp (2 1P+ : Sy > 1P —1 :
Q . .Sa — Sb Q . .Sa — Sb
Sb<2+zP+z ; )Sb<2+zP 7 : )

dualityb — 1/b: s; — s; (1 = a,b)

SMFT2007, MELBOURNE, JANUARY 2007 — p. 33/77



Liouville Theory on a strip (6)

Double-gamma function
periodic property:

1/2
Cue+b) = 5 f_bir D). T+ 1) =

(27)1/2
(ZC/b)bx/b_l/z

Pb(af)

I'y(x) has poles at
r = —mb — nb~! (m andn non-negative integers)

Integral representation:

oo

dt e~ %t 1
log Iy (@) = / t [(1 — e 0t)(1 — e—t/b) 42

B Q/Qt— r ((x - ;3/2)2 Y -5419—2) e_t]
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Liouville Theory on a strip (7)

Double-sine function
relation with double-gamma function

Sp(z) = Tp(2)/T(Q — ),  Sp(2)Sp(Q —x) =1

Integral representation:

oo

/ dt [ sinh(Q — 22)t  (Q/2 — )

1
g 5(*) =5 | % | Semhtysmh(t/s) 1

2

meromorphic function of . (m andn non-negative integers)

poles att = —mb — nb™*
zeros att = Q +mb + nb!
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Liouville Theory on a strip (8)

Thus BLRA can have pole(s) in an appropriate boundary
parameter range.

2\ —iP/b Ty(2iP)
_ 2\71.2—2b b
Sg(P|sq, sp) = (mw(b )b ) T (—2iP) X
Q Sa "|‘5b Q Sa +3b
Sy (2 1P+ 5 ) Sy, (2 1P 5 )
Q . Sqa — Sb Q . Sa — Sb
Sb(2+zP—|—z 5 )Sb(2—|—zP 7 5 )

The pole refers to a bound state in the potential wall:
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SINH-GORDON MODEL ON A HALF-LINE



ShG model on a half-line (1)

Integrability ensures that the massive particle does
not disappear on the edge but bounce back.

Lagrangian

0
Lshg = /OO (%(@Lgbf + 2u COSh(ngb)) dx

+ MTe"(0) + M~ e (0)
(NOTE) M*e" + M~e™" = 2up cosh(bg + bey)

1/2
Mi:( s ) cosh(mbs™)

sin b2
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ShG model on a half-line (2)

boundary ShG model is integrable
boundary scattering amplitude is defined as

A(0)B = R(0)A(—0)B

N
S
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ShG model on a half-line (3)

boundary scattering amplitudeR(6) = Ry(0)R.(6|n, V)
sinh (0/2 + imw/4)

Fo(0) = sinh(6/2 — im/4)
y cosh(0/2 —imp/4) cosh(0/2 —in(1 — p)/4)
cosh(6/2 + iwp/4) cosh(0/2 4+ imw(1 — p)/4)
_ (sinh @ —icosh(pn)\ [ sinh@ — i cosh(pd)
B (Olm, 9) = (sinh 0 + icosh(pn)) (Sinh 0 + icosh(pz?))

(n, ¥ will be restricted so that no pole in the physical stiip< Im 0 < 7/2)

boundary parameters parametrization

n=m(s"+s7)/(20); I=m(s" —s)/(2D)

1/2

M* = (11/ sin(7b?)) cosh(mbs™)

R is invariant under the duality — 1/b.
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SINH-GORDON MODEL ON A STRIP



ShGonastrip (1)

action (WidthR) :  Agyip = | Lstip(y)dy

Lo >—/R(i<8 5 +2 h<2b¢>)d
striplY) = . 1 \a [ COS X
+ M e®(0) + M; e "(0) + M) e (R) + M; e " (R)

action (widthr) (rescaler = (R/7)o andy = (R/m)71)

Lano(r) = [ (5(000)* + 20 (R/m)**™ cosh(260) ) do

+ (R/m)" (M e (0) + My e (0)
- M;eb‘b(ﬂ) + M{e‘b‘b(w))
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ShG on a strip (2)

As ¢y — 00, one may neglect
e~2%? in the bulk term and "% in the boundary term.

Then the ShG reduces to the Liouville theory:

Laoo(r) = [ (42000 + u(R/m* exp(2t) ) do
 (R/m) (M e (0) + My e (m))
1 — p(R/T)2T2Y"  but parameter relation is not affected.
Primary field is given as

Ug ~ (Ay exp(iPgog) + A_exp(—iP¢q)) |Fock vacuum

A_
A—+ = SB(P\Sg,La Sz_f)
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ShG on a strip (3)

As ¢y — —oo, one has left wall.
Thus ground energy Is given as

1 .
Fo(R) = —= (—— + P2> + power corrections ofRR

And P Is quantized:

(R/m)~ "¢ Sg(Plsy, sy) Se(Pls,,s,) =1
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ShGonastrip (4)

The same ground energy can be obtained using the integyabili
of the theory: boundary TBA :

Switch the role of timg; and space — “space" along;
(infinite length L ) and “time" along: (finite R)

[
e | | = T
_\

Initial state| B1) flows alongR and arrives at final staté;2)
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ShG model on a strip (5)

boundary TBA :
Bo(R) = ER + fu + fo + E(R)
E(R) = _m o[ coshflog (1 + Aap(0)e=9) db
A |

e =2mRcoshf — p x 10%(1 + )\abe_s)

boundary energy

f(n,v)

m

(2 cosh(pn) + 2 cosh(p?d)

— sin(mp/2) — cos(mp/2) — 1)

4 sin(7p)
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ShG model on a strip (6)

Boundary fugacity with K,(0) = R,(i7/2 — 0)

Aab(0) = Ko(—0)Ky(0)

5 0 coshf 4 cos 5> cosh@ +sin 5°

2 coshf — cos 7]9 cosh @ — sin 7T2p

= cot

cosh § — cosh(n,p) cosh @ — cosh(nyp)

)
" cosh # + cosh(nap) cosh 6 + cosh(nyp)
y cosh 6§ — cosh (¥ p) cosh 8 — cosh(dyp)
cosh 6 + cosh(d,p) cosh@ + cosh(Jpp)

Aap(0) is singular a¥ = 0 in general.

boundary parametersu= = (u/ sin(rb?))"? cosh(rbs®)
n=m(s"+s7)/(20); I =m(s"—s7)/(2D)
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SINH-GORDON MODEL ON A STRIP
WITH SYMMETRIC POTENTIAL AT ONE
EDGE



symmetric boundary at one edge (1)

Suppose boundary potential is symmetric at a edge

Mg =M, —d,=0, (po = 0; ppexp(bd + ¢o))
The fugacity becomes regular@t 0:

Man(6) — cosh § + cos(mp/2) coshd + cos(m(1 —p)/2)

‘ cosh 6 — cos(mp/2) cosh@ — cos(m(1 —p)/2)
cosh @ — cosh(pn,) cosh8 — cosh(pn,) cosh6f — coshy,
cosh @ + cosh(pn,) cosh® + cosh(pmy) cosh @ + cosh J,

X

( One may restrictl, > 0
using the symmetry of actiopn — —gpor M+ «— M~.)

BTBA is not singular at real rapidity.
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symmetric boundary at one edge (2)

Cross-check for the case with one symmetric edge

One may check shG TBA result with the one from
Liouville LRA within the proper boundary
parameter range.

M andM~— have a lower bound for the theory to be
well-defined:

M* > —(u/ sin(xb?)) />
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symmetric boundary at one edge (3)

Summary for numerical check
A(P|s,, sp) from Liouville Reflection Amplitude

(1) SL(P) = exp(iAL(P)), Sg(P|s], sgr) = exp(1As(P|s, , s, ))

(2) A(P|3a,8b) — AB(P) — %AL(P)

[ sin(2P
A(Plsas) = [

t

(COS(Sat) cos(spt) — cosh(bt/2) cosh(b™1t/2) cosh((b — b_l)t/2)>
sinh(bt) sinh(t/b)
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symmetric boundary at one edge (4)

A(Prgalsa, sp) from TBA result

(1) Using the quantization relation:

AB(PTBA|3;|L_7 82_) + AB(PTBA‘SC:, Sb_) =27+ 4PQ log(R/W)

1 _
i(A(PTBA‘Sg_a SZ_)—FA(PTBA‘S;, Sy, )) = 7T—|—2PTBAQ 10g(R/7r)—|—A|_ (PTBA)

(2) Find Prea USing TBA Prga = \/(1 — ceff(R)) /24

T T 1

Eo(R) = _mceﬁ‘(]%) ~ R (—ﬂ +PT2|3A> =ER+ fo+ fo+ E(R)

mOO

E(R) = cosh 6 log (1 + Aab(8)6_6(9)> df

- -

e =2mRcoshf — ¢ xlog(1 + Agpe™ ©)
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symmetric boundary at one edge (5)

A(P|s,, s) for b* = 0.8086 ands, = s, real

0 —= _
> s=0.00
1k ~ < © © OO O 0 O O 000000000
s=0.60
—2 © © © © o o o 7Y
3L A (P) i
—4 - _ s=1.20 .
(@]
_5 — o —
_6 I _
—r b=0.8992.. >~._5=1.80 N
_8 - _
(@]
_9 | | | | | | P | | |
0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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symmetric boundary at one edge (6)

25

1.5

0.5

—-0.5

A(P|s,, sp) for b = 0.8086 ands, = s;, imaginary

b=0.8992..

o

© O O O O O 0O0OO0O00O00OO0OO0O

s=0.95%i

s=0.80%i

oo o O 0O 0O 0O 000000

QO o O O O O O O

| |
0.8 0.9 1
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symmetric boundary at one edge (7)

1.

1.

1.

0.

0.

0.

75

25

5

75
5

25

A(P|sq, sp) forb* = 2/3 (p = 0.4) and
Ne = My = 4.517 /4 < 5im /4

0.

0.2 0.4 0.6 8
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symmetric boundary at one edge (8)

Unexpected phenomenon from Liouville bound state

If M. IS In a certain negative range, one (or more)
bound state(s) may appear in the Liouville potential:

The boundary state Is given in terms of the pole
position ofSg and P Is imaginary :

i 7

SMFT2007, MELBOURNE, JANUARY 2007 — p. 56/77



symmetric boundary at one edge (10)

Parameter Space Diagram
Case fory, = 0 (one symmetric edge )
andn, = n, = n andd, =¥

Im(eta) | Pi/p2 BOUND STATE REGION
Pi/2B =
| 1 >
I .
|
Pi/(2 b™2)
I~ .
m\\ \\\
Im(vartheta)
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symmetric boundary at one edge (11)

For parameteB = 0.4, n, = n, = 9.5i7/8, 9, = 0,9, = i17/5,
bst = 0.925¢, bs, = 0.658i, bs;” = bs, = 0.792¢; M}, <0

- st +571-Q )
BLRA predictscer(0) = 1 + 24 ( ", ) — 1.0225 > 1
Here is the BTBA result:

222222

ceff

0000000

—25
log(r)

The UV ground state is not trivial, which is not related with
bou ndary bou nd State (S) . SMFT2007, MELBOURNE, JANUARY 2007 — p. 58/77



BOUNDARY THEORY Il

NON-SYMMETRIC POTENTIAL AT BOTH
EDGES



Non-symmetric boundary (1)

If both of boundaries do not satisfy |, ,, # M, ,, (04" +0)
Aap(0) is singular ap) = 0.

In this case, one may modify BTBA to have the correct
numerics:

e =2mRcosh@ — ((0) — o * Lg(0)
Ls(0) = log (tanh2 0 - tanh? ONas(0) 6—6(0))
((0) = ¢ * log(coth?® #)

:log(

cosh 6 + sin Wp) (cosh 260 + cos 27Tp>

cosh ) — sinp/ \cosh 20 — cos 27mp
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Non-symmetric case (2)

tanh” ¢ Aog(0) Is not singular af = 0.
Ls(6) = log (ta,nh2 0 - tanh? W) 6—6(9))

However, one needs be careful about numerics at a
large distance.
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Non-symmetric case (3)

Another form: e =2mRcosh — 7(0) — ¢ * Lyeg(0)
Lieg = log ({1 + Aas(0)e =} /{1 + g2g3e "/ (4sinh? 0)})

40°Xap(0)|o—0 = 9295, 0 <sinym = |gigale”™"/2 <1

7(0) = ¢ xlog (1 + g2g5e */(4sinh’ 9))
1 coshf — cosm(p+ ) coshf + cosm(p —~)
= —In
2 cosh 6 + cosm(p + ) coshf — cosm(p — )

(cosh 20 — cos 2w (p + 7)) (cosh 20 — cos 2w (p — 7))
(cosh 20 — cos 27p)?

This form gives the long distance behavior explicitly:

@)

Eqs(R) = —m’ga4gﬁ| e Mt % df cosh 0 Lyeg(0)
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Non-symmetric case (4)

proper boundary parameter range

M andM~— have a lower bound for the theory to be
well-defined:M* > —(u/ sin(rb?))"/?2

A certain negativdw(z b andM(; p) Can resultin a

bound state: The pole position 8§ Is given In

terms of pure imaginary valug: Non-trivial UV
vaccumm.

In addition, there are two different cases to be
distinguished: (1Y, -9, >0, (2)v, -9, <0
BTBA Is not sensitive to the signature 6f - v
BLRA Is sensitive to the signature of, - .
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Non-symmetric case (5)

TBA Is not sensitive to the sign af. fugacity Is given as
cosh(vp):

Aap(0) = K, (—0) K, (0)

, 0 cosht + cos % Cosh9+sin%p

— coth® = - 2
M9 T Cosh 6 — cos & coshf — sin %7
y cosh @ — cosh(n,p) cosh8 — cosh(n,p)
cosh 6 4 cosh(n,p) cosh 8 + cosh(nyp)

X

cosh @ — cosh(d,p) cosh 8 — cosh(Vyp)
cosh 6 + cosh(d¥,p) cosh 8 + cosh(dyp)
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Non-symmetric case (6)

BLRA is sensitive to the signature &f, - ¥, or gb((f”) : gb(()b)

boundary parametersi/® = (11/ sin(mb?))"/? cosh(mrbs®)
n=m(s"+s7)/(20);  O=m(sT —57)/(20)
sT > is choseny) — —v results ins™ « s™.

case withd, - ¥, > 0
e~ WPRIEIT Sp(Plst, sF) Sp(Pls, s, ) =1
case withd, - ¥, < 0.

e~ WS Sp(Plst, s, ) Sp(Pls, ,sy) =1
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Non-symmetric case (7)

choose parameters
b* = 0.8086, 1, =mn, =1, =V = im/3

Sq = Ijr:%(na_l_ﬁ)_ﬂ_b Sc::Sb_:%(na_ﬁa):O

3 9
As(Plst.sp) = Aa(Pli2,i2), Ap(Plss. ;) = As(0.0
st s s(P|s s
(AB(P| o> b)—|2_A (Pls, b)>, AB(P‘S ) AB(P"L )
0.

= O- 8 [ —
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Non-symmetric case (8)

Numerics is done foA(P|s,, sp)
SL(P) = exp(iAL(P)) Sg(Plst, s ) = exp(iAs(P]s,, s, ))
A(P|3a, Sb) — AB(P) — AL(P)

oo

1
2

A(Ps,. 53) — / 5111(2Pt)alt><

t

(COS(Sat) cos(spt) — cosh(bt/2) cosh(b~1t/2) cosh((b — b_l)t/Q))
sinh(bt) sinh(¢/b)

TBA result usingPrga = /(1 — cefr) /24
or EJPMR) = —5i=ceit = & (—37 + Phen)
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Non-symmetric case (9)

TBA with b2 — 0.8086, 7, = 1y = Uy — O — i7/3
3;:3+:%(77a+19a):i2§b7 5;:5;:%(77@_79@):0

(A(p|sa+,s;)+A(p|s;,s;)> (A(Ps;t,stA(Plsa,s:))
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Non-symmetric case (10)

Case with}, - ¥, < 0

TBA Is not sensitive to the sign af. fugacity Is given as
cosh(vp):

Aap(0) = K, (—0) K, (0)

, 0 cosht + cos % cosh9+sin%p

2

= coth™ 5 - cosh 6 — cos 7 " cosh 6 — sin %

y cosh 6 — cosh(n,p) | cosh 6 — cosh(mp)
cosh 6 + cosh(n,p) cosh 8 + cosh(n,p)

y cosh ) — cosh(dyp) cosh® — cosh(dp)
cosh 6 + cosh(¥,p) cosh 6 + cosh(vyp)
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Non-symmetric case (11)

Case with}, - ¥, < 0
To cure this, use the idea of singularity crossing.

Singularity of L(0):  Kg(iu) K, (iu)e™ ™ + 1 =0
8

0 o U

A
/

RN

Zel0 = -Uu
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Non-symmetric case (12)

Deform the integration contour and analytically continue
BTBA
9
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Non-symmetric case (13)

New form of BTBA

anﬁ(R) m sSInNU — M / — cosh 6 log (1 + )\aﬂ(g) 6(9)>

0) =2 ho+1
e(f) = 2mR cos +OgS(9+iu)
> db’ :
- /_ o0 — 0') log (1+>\&5(9) —€<9>)

1 = —Kg(iu) K, (iu)e
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Non-symmetric case (14)

Large distance behavior:mR > 1

e = 2mR coshf

e—mR

2
energy difference: AE,; = msinu

SINU = U = ag3

crossed channel rapidity: x = (5 — u)

AE;; = msinu = mcosh(ix)
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Non-symmetric case (15)

Zero position
K(iu) K, (iu)e ™ = —1

cross channel:

useK (0) = S(20) K (—0) (crossing symmetry)§(2ix) = —1
ande(iu) = 2mR cosh(iu) = —2im R sinh ik

Rﬂ(ili)Ra(ili)GQimR sinh(ir) __ 1
a particle is trapped inside the strip, reflecting with
momentuny = ix = i7/2 and

energyAEy ; = m cosh(ix)

SMFT2007, MELBOURNE, JANUARY 2007 — p. 74/77



Non-symmetric case (16)

Modified TBA with
b* = 0.8086, 1, =mn, =V, = U = i7/3

S =85 = 7N +0a) =15, 5, =8, = 2(1ha — Vo) =0

(AB(Plsj,s;ﬁHAe(Pba 55 ) ) (A(Plsj,s;HA(Pls; 51 )
2 ! 2
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Non-symmetric case (17)

Summary withh? = 0.8086, n, = m, = ¥, = ¥ = i /3

S =85 = 2N +0a) =15, 5, =8, = 2(1ha — Vo) =0

(AB(Plsj,stAs(Pm 55 ) ) (A(Plsj,s;HA(Pls; 51 )
! 2
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Conclusion

We have seen some non-trivial results for boundary
sinh-Gordon theory, non-compact CFT perturbation
theory.

Boundary negative potential may result in

non-trivial vacuum which have.s > 1.

This result may lead to give some hints on boundary
Toda theory with negative coefficient.

Opposite sign of parameterd (or ¢y) has the
singularity crossing effect, which is seen already In
other models.
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