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Abstract

In this talk, we will review the recent progress on the construction of determinant
representations of correlation functions for the supersymmetric t-J model. The main
approach of the work is based on the Drinfeld twists (F -basis). Working in the F -basis,
we find the entries of the monodromy matrix and the Bethe states of the model can
be expressed by using symmetric formulaes.
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Part I: Background and main method

I.1 Background

For the algebra gl(2) case

• 1981: Gaudin et al proposed a hypothesis that the norm of

the coordinate eigenstates for the XXZ spin chain model can be

given by some Jacobians.

• 1982: Korepin proved the hypothesis. Then Korepin and his

collaborators found that the correlation functions of the model

can be represented by using determinants.

• 1992: Jimbo et al obtained the correlation functions for one di-

mensional integrable models by using the technique of q-deformed

vertex operators.

• 1996: Maillet and his group proposed the Drinfeld twist ap-

proach to construct the determinant representations for correla-

tion functions of the XXZ model.
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Progress for the higher rank (super)algebra case

• 1986 Reshetikhin found a recursive formula for the scalar prod-

uct of the integrable model related to gl(3).

• 2001: Flume and his group constructed the Drinfeld twist for

the integrable models related to the algebra gl(n). With the

help of the approach, they found symmetric expressions of the

Bethe states for the model.

• 2004: Our group generalized the Drinfeld twist approach to the

supersymmetric fermion models associated with the superalge-

braic Uq(gl(m|n)). By means of the approach, we gave symmet-

ric expressions for Bethe states of the integrable fermion model.

The results led directly to the determinant representations of the

correlation functions for the supersymmetric t-J model.

I.2 Main ideas

In general, a k-point correlation function is defined by

F ε1,...,εk

n = 〈ΩN({µj})|ε1
i1

. . . εk
ik
|ΩN({λj})〉,
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where εj
ij
’s stand for the local fermion generators of the superalge-

bras, and the lower indices ij indicate the positions of the fermion

operators.

According to the relations proposed by Kitanine et al and Göhmann

et al , the local fermion operators can be represented by using entries

of monodromy matrices. For example: For the supersymmetric t-J

model, the fermion operator (1− nκ,↑)c
†
κ,↓ can be given by

(1− nκ,↑)c
†
κ,↓ =

κ−1∏
j=1

t(ξj) · C1(ξκ) ·
N∏

j=κ+1

t(ξj) ,

where t(ξ) is the transfer matrix. Therefore the correlation function

becomes

F ε1,...,εk

n = f (ξ, λ, µ)〈ΩN({µj})|X(ξ′1) . . . X(ξ′k)|ΩN({λj})〉,

where f (ξ, λ, µ) is from the eigenvalues of the transfer matrices,

{ξ} = {ξ′} and X(ξ) stands for the entries of the monodromy ma-

trices.
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Now as an example, we investigate the supersymmetric t-J model.

Considering the monodromy matrix of the model,

T (λ) = R0N(λ− ξN) . . . R01(λ− ξ1)

=




A11(λ) A12(λ) B1(λ)

A21(λ) A22(λ) B2(λ)

C1(λ) C2(λ) D(λ)




(0)

,

the correlation functions can be given by

F ε1,...,εk

n

=
∑

d′1,...,d′n;d1,...,dn=1,2

(〈Ω(1)
N ({µ(1)

j }|)d
′
1,...,d

′
n (|Ω(1)

N ({µ(1)
j }〉)d1,...,dn

×f (ξ, λ, µ)〈0|Bd′n(µn) . . . Bd′1(µ1)X(ξ′1) . . . X(ξ′k)

×Cd1(λ1) . . . Cdn(λn)|0〉. (1)

Difficulties: The creation (annihilation) operators Ci (Bi)and

other entries of the monodromy matrix are very complex. Therefore

it is very difficult to compute the correlation functions for the model.

The idea to solve the problem: One of the possible ideas

to solve the problem is to look for a proper basis with which we can

simplify the creation operators. For the main part of (1), we have

〈0|Bd′n(µn) . . . Bd′1(µ1)X(ξ1) . . . X(ξk)Cd1(λ1) . . . Cdn(λn)|0〉
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= 〈0|Bd′n(µn) . . . Bd′1(µ1) · F−1F ·

×X(ξ1) . . . X(ξk)Cd1(λ1) . . . Cdn(λn)|0〉

= g({ξ}) ˜〈0|B̃d′n(µn) . . . B̃d′1(λ1)

×X̃(ξ1) . . . X̃(ξk)C̃d1(λ1) . . . C̃dn(λn) ˜|0〉.

Here X̃ = FXF−1, ˜|0〉 = F |0〉. Thus if we can find a suitable F -

basis, then we can make the computation easier than before. In the

next, we will construct such a F -basis.
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Part II: Drinfeld twists

II.1 N-site R-matrix

We firstly define a useful notation: N -site R-matrix Rσ
1...N . Let σ

be an element of the permutation group SN . The N -site R-matrix

is defined as follows.

Definition 1 One can define a mapping from SN to End(V ⊗N)

which associate in a unique way an element Rσ
1...N ∈ End(V ⊗N)

to any element σ of the permutation group SN . The mapping

has the following composition law

Rσσ′
1...N = Pσ Rσ′

1...N (Pσ)−1 Rσ
1...N = Rσ′

σ(1...N) R
σ
1...N , ∀σ, σ′ ∈ SN ,

where R
σ=(i,i+1)
1...N = Ri(i+1) and Pσ is the Z2-graded permutation

operator

Pσ|i1〉(1) . . . |iN〉(N) = |i1〉(σ(1)) . . . |iN〉(σ(N)).

By using the composition law defined in the definition, we can de-

compose the N -site R-matrix to elementary R-matrix of the gl(m|n)
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model

R12(λ1, λ2) = R12(λ1 − λ2)

= c12

m∑
i=1

ei,i ⊗ ei,i +

m+n∑
i=m+1

ei,i ⊗ ei,i + a12

m+n∑

i 6=j=1

ei,i ⊗ ej,j

+ b12

m+n∑
i>j=1

(−1)[j]ei,j ⊗ ej,i + b12

m+n∑
j>i=1

(−1)[j]ei,j ⊗ ej,i,

where

a12 = a(λ1, λ2) ≡ λ1 − λ2

λ1 − λ2 + η
,

b12 = b(λ1, λ2) ≡ η

λ1 − λ2 + η
,

c12 = c(λ1, λ2) ≡ λ1 − λ2 − η

λ1 − λ2 + η
.

II.2 Factorizing F-matrices and their inverses

Definition 2 The N-site F-matrix F1...N(ξ1, . . . , ξN) is an op-

erator in End(V ⊗N) and satisfies the following three properties:

I.) lower-triangularity; II.) non-degeneracy; III.) factorization,

namely,

Fσ(1)...σ(N)(ξσ(1), . . . , ξσ(N)) Rσ
1...N = F1...N(ξ1, . . . , ξN), ∀σ ∈ SN .
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Proposition 1 The N-site factorizing F -matrix for the gl(m|n)

supersymmetric model, given by

F1...N ≡ F1...N(ξ1, . . . , ξN)

=
∑

σ∈SN

m+n∑
ασ(1)...ασ(N)=1

∗ N∏
j=1

P
ασ(j)
σ(j) S(σ, ασ)Rσ

1...N ,

satisfies the properties I, II and III in the definition 2.

Here, P α
i is the embedding of the project operator P α in the i-th

space with (P α)kl = δklδkα, S(σ, ασ) is a c-number function of σ, ασ

and the element cij of the R-matrix

S(σ, ασ) ≡ exp

{
1

2

N∑

l>k=1

(
1− (−1)[ασ(k)]

)
δασ(k),ασ(l) ln(1 + cσ(k)σ(l))

}

and the sum
∑∗ is defined by

ασ(i+1) ≥ ασ(i) (σ(i + 1) > σ(i));

ασ(i+1) > ασ(i) (σ(i + 1) < σ(i)).
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For example, when N = 2, for supersymmetric t-J model, the

R-matrix and F -matrix are as follows.

R12 =




c12 0 0 0 0 0 0 0 0

0 a12 0 −b12 0 0 0 0 0

0 0 a12 0 0 0 b12 0 0

0 −b12 0 a12 0 0 0 0 0

0 0 0 0 c12 0 0 0 0

0 0 0 0 0 a12 0 b12 0

0 0 b12 0 0 0 a12 0 0

0 0 0 0 0 b12 0 a12 0

0 0 0 0 0 0 0 0 1




,

F12 =




1 + c12 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 −b12 0 a12 0 0 0 0 0

0 0 0 0 1 + c12 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 b12 0 0 0 a12 0 0

0 0 0 0 0 b12 0 a12 0

0 0 0 0 0 0 0 0 1




.
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The non-degenerate property of the F -matrix implies that we can

find the inverse matrix F−1
1...N .

Proposition 2 The inverse of the F -matrix is given by

F−1
1...N = F ∗

1...N

∏
i<j

∆−1
ij ,

where

F ∗
1...N =

∑

σ∈SN

m+n∑
ασ(1)...ασ(N)=1

∗∗

S(σ, ασ)Rσ−1

σ(1...N)

N∏
j=1

P
ασ(j)
σ(j) ,

and

[∆ij]
βiβj
αiαj = δαiβi

δαjβj





aij if αi > αj

aji if αi < αj,

1 if αi = αj = m + 1, . . . , m + n,

4aij if αi = αj = 1, . . . , m.

Here the sum
∑∗∗ is taken over all possible αi which satisfies the

following non-increasing constraints:

ασ(i+1) ≤ ασ(i) (σ(i + 1) < σ(i)); ασ(i+1) < ασ(i) (σ(i + 1) > σ(i)) .

II.3 Entries of monodromy matrix in the F -basis

The non-degeneracy of the F -matrix means that its column vectors

also form a complete basis of the quantum space V ⊗N , which is called
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the F -basis. In this section, we study the generators of gl(m|n) and

the elements of the monodromy matrix in the F -basis.

Introduce the generators in the F -basis: Ẽi,j = F1...NEi,jF
−1
1...N ,

(i, j = 1, . . . , m + n), where Ei,j = Ei,j
(1) + . . . Ei,j

(N). Then,

Theorem 1 In the F -basis the Cartan and the simple generators

of gl(m|n) are given by

Ẽi,i = Ei,i =

N∑

k=1

Ei,i
(k), i = 1, . . . , m + n,

Ẽj,j+1 =

N∑

k=1

Ej,j+1
(k) ⊗γ 6=k Gj,j+1

(γ) (k, γ), j = 1, . . . , m + n− 1,

Ẽj+1,j =

N∑

k=1

Ej+1,j
(k) ⊗γ 6=k Gj+1,j

(γ) (k, γ), j = 1, . . . , m + n− 1.

Here the diagonal matrices Gγ,γ±1
(j) (i, j) are:

• For 1 < γ + 1 ≤ m,

(Gγ,γ+1
(j) (i, j))kl = δkl





2, k = γ,

(2aij)
−1, k = γ + 1,

1, otherwise,

(Gγ+1,γ
(j) (i, j))kl = δkl





2, k = γ + 1,

(2aji)
−1, k = γ,

1, otherwise,
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• For γ = m,

(Gγ,γ+1
(j) (i, j))kl = δkl





2, k = γ,

1, k = γ + 1,

1, otherwise,

(Gγ+1,γ
(j) (i, j))kl = δkl





(2aji)
−1, k = γ,

(aji)
−1, k = γ + 1,

1, otherwise,

• For 1 + m ≤ γ < m + n,

(Gγ,γ+1
(j) (i, j))kl = δkl

{
(aij)

−1, k = γ,

1, otherwise,

(Gγ+1,γ
(j) (i, j))kl = δkl

{
(aji)

−1, k = γ + 1,

1, otherwise.

Now let us study the entries of monodromy matrices in the F -

basis. We first see the elements D(λ) ≡ Tm+n,m+n(λ) for the gl(m|n)

model.

Proposition 3 D̃(λ) = F1...ND(λ)F−1
1...N is a diagonal matrix

given by

D̃(λ) = ⊗N
i=1diag (a0i, . . . , a0i, 1)(i) .

Then with the help of Theorem 1 and Proposition 3, we may

compute all other creation (annihilation) operators of the fermion
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systems:

C̃m+n−l(λ) ≡ FCm+n−l(λ)F−1 =
[
Ẽm+n−l,m+n, D̃(λ)

]
,

B̃m+n−l(λ) ≡ FBm+n−l(λ)F−1

= (−1)[m+n]+[m+n−l][D̃(λ), Ẽm+n,m+n−l],

where Cm+n−l and Bm+n−1 are the entries of the monodromy matrix

Tm+n,m+n−l and Tm+n−l,m+n, respectively.

We then have for some special values of m and n.

• For m = 2, n = 0, i.e. the gl(2|0) case:

C̃1(λ) = −
N∑

i=1

b0iE
1,2
(i) ⊗j 6=i diag

(
2a0j, c0j(2aij)

−1
)

(j)
.

B̃1(λ) = −
N∑

i=1

b0iE
2,1
(i) ⊗j 6=i diag

(
a0j(2aji)

−1, 2c0j

)
(j)

;

• For m = 2, n = 1, i.e. the gl(2|1) case,

C̃2(λ) =

N∑
i=1

b0iE
2,3
(i) ⊗j 6=i diag (a0j, 2a0j, 1)(j) ,

B̃2(λ) = −
N∑

i=1

b0iE
3,2
(i) ⊗j 6=i diag

(
a0j, a0j(2aji)

−1, a−1
ji

)
(j)

,
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C̃1(λ) =

N∑
i=1

b0iE
1,3
(i) ⊗j 6=i diag

(
2a0j, a0j(aij)

−1, 1
)

(j)

+

N∑

i 6=j=1

a0ib0jbij

aij
E1,2

(i) E
2,3
(j) ⊗k 6=i,j

(
2a0k, a0k(aik)

−1, 1
)

(k)
.

B̃1(λ) = −
N∑

i=1

b0iE
3,1
(i) ⊗j 6=i a−1

ji diag (a0j/2, a0j, 1)(j)

−
N∑

i 6=j=1

a0jb0ibji

aji
E3,2

(i) E
2,1
(j)

⊗k 6=i,j

(
a0k(2akj)

−1, a0k(aki)
−1, aki

)
(k)

.

Here x0k ≡ x(λ, ξ) with xij stands for aij, bij.

Remark: One sees that working in the F -basis, the creation

and annihilation operators take completely symmetric forms. With-

out this basis, the original creation (annihilation) operators are very

difficult to give such simple forms.
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Part III: Determinant representations of

correlation functions

Note: In the following, as an example, we study the correlation

functions for the supersymmetric t-J model.

To compute the correlation functions, there are three

steps: Bethe states in the F -basis −→ Scalar products

−→ Correlation functions.

III.1 The Bethe states in the F -basis

• Definitions of Bethe states

In the framework of the algebraic ansatz, the Bethe states (eigen-

states) are constructed by acting the creation operators Ci(λ) (or the

annihilation operators Bi(λ)) on the pseudo-vacuum state.

Definition 3 Let |0〉 be the pseudo-vacuum state of the N-fold

quantum tensor space V ⊗N , and |0〉(1) be the pseudo-nested-vacuum
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state of the n1-fold nested quantum tensor space (V (1))⊗n1, i.e.,

|0〉 = ⊗N
i=1




0

0

1




(i)

, |0〉(1) = ⊗n1
j=1

(
0

1

)

(j)

.

The Bethe state of the q-deformed supersymmetric t-J model is

then defined by

|ΩN({λj})〉 =
∑

d1...dn1

(Ω(1)
n1

)d1...dn1Cd1(λ1) . . . Cdn1
(λn1)|0〉, (1)

where λ1 6= . . . 6= λn1,di = 1, 2, (Ω
(1)
n1 )d1...dn1 is a component of the

nested Bethe state |Ω〉(1) via

|Ωn1({λ(1)
j })〉(1) = C

(1)
1 (λ

(1)
1 ) · · ·C(1)

1 (λ(1)
n2

)|0〉(1) (λ
(1)
1 6= . . . 6= λ(1)

n2
),

(2)

and C(1), the creation operator of the nested gl(2) system, is the

lower-triangular entry of the nested monodromy matrix T (1)

T (1)(λ(1)) = r0n1(λ
(1) − λn1)r0n1−1(λ

(1) − λn1−1) . . . r01(λ
(1) − λ1)

≡
(

A(1)(λ(1)) B
(1)
1 (λ(1))

C
(1)
1 (λ(1)) D(1)(λ(1))

)

(0)

with r12(λ1, λ2) ≡ r12(λ1 − λ2) = c12(e1,1 ⊗ e1,1 + e2,2 ⊗ e2,2) +

a12(e1,1 ⊗ e2,2 + e2,2 ⊗ e1,1)− b12e2,1(⊗e1,2 + e1,2 ⊗ e2,1).

Similarly, we can also define the dual Bethe state 〈ΩN |.
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Definition 4 With the help of the dual pseudo-vacuum state 〈0|
and the dual pseudo-nested-vacuum state 〈0|(1), the dual Bethe

state is defined by

〈ΩN({µj})| =
∑

fn1 ,...,f1

(Ω(1))fn1 ...f1〈0|Bfn1
(µn1) . . . Bf1(µ1)

where µn1 6= . . . 6= µ1, (Ω(1))fn1 ...f1 is a component of the dual

nested Bethe state 〈Ω|(1)

〈Ωn1({µ(1)
j })|(1) = 〈0|(1)B

(1)
1 (µ(1)

n2
) . . . B

(1)
1 (µ

(1)
1 ) (µ(1)

n2
6= . . . 6= µ

(1)
1 ).

• Useful properties of the Bethe state

A. The exchange symmetry:

Let σ = σi1 . . . σik be any element of the permutation group Sn1

with σij be elementary permutations σij(ij, ij + 1) = (ij + 1, ij). We

define the following exchange operator f̂σ = f̂σi1
. . . f̂σik

for the Bethe

state |ΩN({λj})〉 of the supersymmetric t-J model, f̂σ|ΩN({λj})〉 =

|ΩN({λσ(j)})〉. Then one may prove, under the action of the exchange

operator, we have the following proposition:
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Proposition 4 The Bethe state |ΩN({λj})〉 of the q-deformed

supersymmetric t-J model satisfies the following exchange sym-

metry

f̂σ|ΩN({λj})〉 =
1

cσ
1...α

|ΩN({λj})〉,

where cσ
1...n1

has the decomposition law cσ′σ
1...n1

= cσ
σ′(1...n1)

cσ′
1...n1

, and

cσi
1...n1

= ci i+1 ≡ c(λi, λi+1) for an elementary permutation σi.

B.Faddev-Zamolodchikov relation

For the creation operators Ci(v) and Cj(u), we have the commu-

tation relation

Ci(v)Cj(u) = − 1

a(u, v)
Cj(u)Ci(v) +

b(u, v)

a(u, v)
Cj(v)Ci(u).

Then together with the exchange symmetry, we may rewrite the

Bethe states of supersymmetric t-J model as

Ωp1
N (v1, . . . , vn)

=
∑

d1,...,dn

(Ω(1))d1,...,dnCd1(λ1) . . . Cdn(λn)|0〉

=
1

p!(n− p)!

∑

σ∈Sn

cσ
1...n(Ω(1),σ

n )11...12...2
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×
p∏

k=1

n∏

l=p1+1

(−a−1(vσ(l), vσ(k))
)

× C2(vσ(p+1)) . . . C2(vσ(n))C1(vσ(1)) . . . C1(vσ(p)) |0〉 ,

where di = 1, 2 (i = 1, . . . , n) and (Ω
(1),σ
n )11...12...2 ≡ (f̂σΩ

(1)
n )11...12...2.

Here, without loss of generality, we will only concentrate on the Bethe

state with the quantum number p which indicates the number of

di = 2.

C. Eigenstates:

The diagonalization of the transfer matrix t(λ) leads to the fol-

lowing theorem:

Theorem 2 The Bethe states |ΩN({λj})〉 are eigenstates of the

transfer matrix t(λ) if the spectral parameters λj (j = 1, . . . , n1)

satisfy the Bethe ansatz equations (BAE)

N∏

k=1

a(λj, ξk)

n2∏

l=1

a−1(λj, λ
(1)
l ) = 1 (j = 1, . . . , n)

and the nested Bethe ansatz equations (NBAE)

n1∏
j=1

a(λj, λ
(1)
l )

n2∏

k=1, 6=l

a(λ
(1)
l , λ

(1)
k )

a(λ
(1)
k , λ

(1)
l )

= 1 (l = 1, . . . , n2).
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The eigenvalues Λ(λ, {λk}, {λ(1)
j }) of the transfer matrix t(λ) are

given by

Λ(λ, {λk}, {λ(1)
j })

=

N∏
i=1

a(λ, ξi)

n1∏
j=1

1

a(λ, λj)
Λ(1)(λ) +

n1∏
j=1

1

a(λj, λ)
,

where Λ(1)(λ) is the eigenvalues of the nested transfer matrix

t(1)(λ) = str0T
(1)(λ)

Λ(1)(λ) = −
n1∏

j=1

a(λ, λj)

a(λj, λ)

n2∏

k=1

1

a(λ, λ
(1)
k )

−
n1∏

j=1

a(λ, λj)

n2∏

k=1

1

a(λ(1), λ)
.

One easily checks that this theorem also holds for the dual Bethe

state 〈ΩN({µj})| defined by (3) if we change the spectral parameters

λj and λ
(1)
j in (3)-(3) to µj and µ

(1)
j , respectively.

• The Bethe state in the F -basis

Acting the associated F -matrix on the pseudo-vacuum state |0〉, one

finds that the pseudo-vacuum state is invariant. It is due to the fact

that only the term with all roots equal to 3 will produce non-zero

results. Therefore, the Bethe state (1) in the F -basis |Ω̃N({λj})〉 ≡
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F1...N |ΩN({λj})〉 can be written as

|Ω̃N({λj})〉 =
∑

d1...dn1

(Ω(1)
n1

)d1...dn1C̃d1(λ1) . . . C̃dn1
(λn1)|0〉.

Here we will use the notation |Ω̃N({λj}(p,n))〉 with the subscript pair

(p, n) to denote a Bethe state which has quantum number p and has

n spectral parameters.

Proposition 5 The Bethe state of the supersymmetric t-J model

can be represented in the F -basis by

|Ω̃N({λj}(p,n))〉 =
∑

σ∈SN

YR({λσ(i)}, {λ(1)
σ(j)})

×C̃2(λσ(1)) . . . C̃2(λσ(p))C̃1(λσ(p+1)) . . . C̃1(λσ(n)) |0〉

=
∑

σ∈SN

YR({λσ(i)}, {λ(1)
σ(j)})

∑
i1<...<ip

∑
ip+1<...<in

2
p(p−1)+(n−p)(n−p−1)

2

×
p∏

l=1

n∏

k=p+1

a(λσ(l), ξik)detBp(λσ(1), . . . , λσ(p); ξi1, . . . , ξip)

×detBn−p(λσ(p+1), . . . , λσ(n); ξip+1, . . . , ξin)

−→p∏
j=1

E23
(ij)

−−→n∏
j=p+1

E13
(ij)
|0〉

with the sets {i1, . . . , ip} ∩ {ip+1, . . . , in} = ∅ and the prefactor
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YR being

YR({λσ(i)}, {λ(1)
σ(j)})

=
1

p!(n− p)!
cσ
1...nB

∗
n−p

(
λ

(1)
p+1, . . . , λ

(1)
n |λσ(p+1), . . . , λσ(n)

)

×
n∏

k=p+1

p∏

l=1

(
−2a(λσ(k), λσ(l))

a(λσ(l), λσ(k))

)
.

Here cσ
1,...,n has the decomposition law cσ′σ

1...n = cσ
σ′(1...n)c

σ′
1...n with

cσi
1...n = ci i+1 ≡ c(vi, vi+1) for an elementary permutation σi, the

c-number B∗
p is given by

B∗
p

(
λ

(1)
1 , . . . , λ(1)

p |λ1, . . . , λp

)
=

∑

σ∈Sp

p∏

k=1

(
−b(λ

(1)
k , λσ(k))

)

×
∏

j 6=σ(k),...,σ(p)

c(λ
(1)
k , λj)

2a(λσ(k), λj)

p∏

l=k+1

2a(λ
(1)
k , λσ(l)),

and the elements of the n× n matrix Bn({λi}; {ξj}) are

(Bn)αβ = b(λα, ξβ)

α−1∏
γ=1

a(λγ, ξβ)

and we define the notation

−→n∏
i=1

fi ≡ f1 . . . fn.

For our later use, we also introduce the notation

←−n∏
i=1

fi ≡ fn . . . f1.

24



By a similar procedure, one may prove the following proposition

for the dual Bethe state 〈Ω̃N({µj}(p,n))|:

Proposition 6 The dual Bethe state 〈Ω̃N({µj}(p,n))| of the su-

persymmetric t-J model can be represented by

〈Ω̃N({µj}(p,n)|

=
∑

σ∈SN

YL({µσ(i)}, {µ(1)
σ(j)})〈0|B̃1(µσ(n)) . . . B̃1(µσ(p+1))

×B̃2(µσ(p)) . . . B̃2(µσ(1))

=
∑

σ∈SN

YL({µσ(i)}, {µ(1)
σ(j)})

∑
i1<...<ip

∑
ip+1<...<in

×(−1)n2−
p(p−1)+(n−p)(n−p−1)

2

p∏

l=1

n∏

k=p+1

a(µσ(l), ξik)

×
p∏

l=1

N∏

k 6=il,ip+1,...,in

a−1(ξk, ξil)

n∏

l=p+1

N∏

k=1,6=il

a−1(ξk, ξil)

×detBp(µσ(1), . . . , µσ(p); ξi1, . . . , ξip)

×detBn−p(µσ(p+1), . . . , µσ(n); ξip+1, . . . , ξin)〈0|
←−−n∏
j=p+1

E31
(ij)

←−p∏
j=1

E32
(ij)

,

where the prefactor YL is

YL({µσ(i)}, {µ(1)
σ(j)})
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=
1

p!(n− p)!
cσ
1...nB

∗∗
n−p

(
µ

(1)
p+1, . . . , µ

(1)
n |µσ(p+1), . . . , µσ(n)

)

×
n∏

k=p+1

p∏

l=1

(
−2a(µσ(k), µσ(l))

a(µσ(l), µσ(k))

)
,

and the c-number B∗∗
p is given by

B∗∗
p

(
µ

(1)
1 , . . . , µ(1)

p |µ1, . . . , µp

)

=
∑

σ∈Sp

p∏

k=1

b(µ
(1)
k , µσ(k))

∏

j 6=σ(k),...,σ(p)

c(µ
(1)
k , µj)

p∏

l=k+1

a(µ
(1)
k , µσ(l))

2a(µσ(l), µσ(k))
.
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III.2 Determinant representation of the scalar prod-

uct

The scalar product of the Bethe states with a given quantum num-

ber p is defined by

Pn({µi}(p,n), {λj}(p,n)) = 〈ΩN({µj}(p,n))|ΩN({λj}(p,n))〉.

The invariant property of the pseudo-vacuum state under the F -

transformation, i.e. F1...N |0〉 = |0〉 and 〈0|F−1
1...N = 〈0|, implies that

in the F -basis, the scalar product Pn is

Pn({µi}(p,n), {λj}(p,n)) = 〈ΩN({µj}(p,n))|ΩN({λj}(p,n))〉

= 〈Ω̃N({µj}(p,n))|Ω̃N({λj}(p,n))〉

=
∑

σ′,σ

YL({µσ′(j)}, {µ(1)
σ′(k)})YR({λσ(j)}, {λ(1)

σ(k)})

×〈0|B̃1(µσ′(n)) . . . B̃1(µσ′(p+1))B̃2(µσ′(p)) . . . B̃2(µσ′(1))

×C̃2(λσ(1)) . . . C̃2(λσ(p))C̃1(λσ(p+1)) . . . C̃1(λσ(n))|0〉.
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To compute the scalar product, following, we introduce the follow-

ing intermediate functions

G(m)({λk}(p,n), u1, . . . , µm, im+1, . . . , in)

=





〈0|
←−−−n∏

k=p+1

E31
(ik)

←−−−p∏

k=m+1

E32
(ik)B̃2(µm) . . . B̃2(µ1)

×C̃2(λ1) . . . C̃2(λp)C̃1(λp+1) . . . C̃1(λn)|0 >

(m ≤ p),

〈0|
←−−−n∏

k=m+1

E31
(ik)B̃1(µm) . . . B̃1(µp+1)B̃2(µp)B̃2(µ1)

×C̃2(λ1) . . . C̃2(λp)C̃1(λp+1) . . . C̃1(λn)|0 >

(m > p).

where the lower indices of E32
(ik) and E31

(ik) satisfy the relations im+1 <

. . . < ip, ip+1 < . . . < in and {i1, . . . , ip} ∩ {ip+1, . . . , in} = ∅.

Thus, the scalar product can be rewritten as

Pn({µi}(p,n), {λj}(p,n))

=
∑

σ,σ′
YL({µσ′(j)}, {µ(1)

σ′(k)})YR({λσ(j)}, {λ(1)
σ(k)})

×G(n)({λσ(j)}(p,n), {µσ′(k)}(p,n)).
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Inserting a complete set, the first formula of G(m) becomes

G(m)({λk}(p,n), µ1, . . . , µm, im+1, . . . , in)

=

N∑

j 6=im+1,...,in

〈0|
←−−−n∏

k=p+1

E31
(ik)

←−−−p∏

k=m+1

E32
(ik)B̃2(µm)

×
−−−→
m+q∏

k=m+1

E23
(ik)E

23
(j)

−−−−−→p∏

k=m+q+1

E23
(ik)

−−−→n∏

k=p+1

E13
(ik)|0〉

×G(m−1)({λk}(p,n), µ1, . . . , µm−1, im+1,

. . . , im+q, j, im+q+1 . . . , in) (0 ≤ q ≤ p−m).

For the recursive relation (3), the initial function G(0) can be easily

given by

G(0)({λk}(p,n), i1, . . . , in)

= 〈0|
←−−−n∏

k=p+1

E31
(ik)

←−p∏

k=1

E32
(ik)

p∏

k=1

C̃2(λk)

n∏

k=p+1

C̃1(λk)|0 >

= 2
p(p−1)+(n−p)(n−p−1)

2

p∏

l=1

n∏

k=p+1

a(λl, ξik)

×detBp(λ1, . . . , λp; ξi1, . . . , ξip)

×detBn−p(λp+1, . . . , λn; ξip+1, . . . , ξin).

And the prefactor of the function G(m−1) can also be easily obtained
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by

〈0|
←−−−n∏

k=p+1

E31
(ik)

←−−−p∏

k=m+1

E32
(ik)B̃2(µm)

×
−−−→
m+q∏

k=m+1

E23
(ik)E

23
(j)

−−−−−→p∏

k=m+q+1

E23
(ik)

−−−→n∏

k=p+1

E13
(ik)|0〉

= −(−1)q2−(p−m) · b(µm, ξj)

p∏

l=m+1

a(µm, ξil)

n∏

l=p+1

a(µm, ξil)

×
N∏

k 6=j,ip+1,...,in

a−1(ξk, ξj).

Then by using the above two relations, we arrive at our main

result:

Theorem 3 Let the spectral parameters {λk} of the Bethe state

|ΩN({λk}(p,n))〉 be solutions of the BAE. The scalar products

Pn({µk}(p,n), {λk}(p,n)) are represented by

Pn({µk}(p,n), {λk}(p,n))

= (−1)n
∑

σ,σ′∈Sn

YL({µσ′(j)}, {µ(1)
σ′(k)})YR({λσ(j)}, {λ(1)

σ(k)})

×{
detF(λσ(1), . . . , λσ(p); µσ′(1), . . . , µσ′(p))

×detN1(λσ(p+1), . . . , λσ(n); µσ′(p+1), . . . , µσ′(n))
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+
∑

k,lk,%k
mk

′ p∑
j1,...,jp=1
j1 6=...6=jp

(−1)τ(σ′(j1)...σ′(jp))

×(A2)σ(1) σ′(j1) . . . (A2)σ(p) σ′(jp)

×detN2(λσ(p+1), . . . , λσ(n); µσ′(p+1), . . . , µσ′(n))

+
∑

k,lk,ρk
mk

′′
detA3(λσ(1), . . . , λσ(p); µσ′(1), . . . , µσ′(p))

×detN3(λσ(p+1), . . . , λσ(n); µσ′(p+1), . . . , µσ′(n))

+
∑

k,lk,%k
mk

′ ∑

k′,l′
k′ ,ρ

k′
m′

k′

′′ p∑
j1,...,jp=1
j1 6=...6=jp

(−1)τ(σ′(j1)...σ′(jp))

×(A4)σ(1) σ′(j1) . . . (A2)σ(p) σ′(jp)

× detN4(λσ(p+1), . . . , λσ(n); µσ′(p+1), . . . , µσ′(n))
}

.

For expressions of F , A2, A3, A4,N1, . . . ,N4, One may find in our
paper: “Commun. Math.Phys. 268 (2006) 505-541”.

Remark: On the other hand, if we compute the scalar product

by starting from the dual state 〈ΩN({λj}(p,n))|, then by using the

same procedure, we have the scalar product PL
n ({λk}(p,n), {µj}(p,n))

is given by

PL
n ({λk}(p,n), {µj}(p,n))

=
∑

σ,σ′∈Sn

YL({λσ(j)}, {λ(1)
σ(k)})YR({µσ′(j) {µ(1)

σ′(k)})

×G(n)({µσ′(j)}(p,n), {λσ(k)}(p,n)).
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III.3 Determinant representations of correlation func-

tions

A k-point correlation function is defined by

F ε1,...,εk

n = 〈ΩN({µj})|ε1
i1

. . . εk
ik
|ΩN({λj})〉,

• Fermion representations of the local operators

Before we compute the correlation functions, we first introduce the

proposition

Proposition 7 (Göhmann-Korepin) The local spin and field op-

erators of the supersymmetric t-J models can be represented in

terms of monodromy matrix as follows.

(1− nκ,↑)cκ,↓ =

κ−1∏
j=1

t(ξj) ·B1(ξκ) ·
N∏

j=κ+1

t(ξj) ,

(1− nκ,↓)cκ,↑ =

κ−1∏
j=1

t(ξj) ·B2(ξκ) ·
N∏

j=κ+1

t(ξj) ,

(1− nκ,↑)c
†
κ,↓ =

κ−1∏
j=1

t(ξj) · C1(ξκ) ·
N∏

j=κ+1

t(ξj) ,

(1− nκ,↓)c
†
κ,↑ =

n−1∏
j=1

t(ξj) · C2(ξκ) ·
N∏

j=κ+1

t(ξj) ,

(1− nκ,↓)(1− nκ,↑) =

κ−1∏
j=1

t(ξj) ·D(ξκ) ·
N∏

j=κ+1

t(ξj) ,
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S†κ = −
κ−1∏
j=1

t(ξj) · A21(ξκ) ·
N∏

j=κ+1

t(ξj) ,

Sκ = −
κ−1∏
j=1

t(ξj) · A12(ξκ) ·
N∏

j=κ+1

t(ξj) ,

Sz
κ = −1

2

κ−1∏
j=1

t(ξj) · (A11(ξκ)− A22(ξκ)) ·
N∏

j=κ+1

t(ξj) .

Here nκ↓nκ↑ = 0 since the double occupancy of lattice sites on the

restriced Hilbert space of the supersymmetric t-J model is excluded.

• Correlation functions

In general, with the help of the representations for the local operators,

we may compute any correlation functions. Here we only give two

examples.

i) One-point function

For the local fermion operator (1− nκ,↓)cκ,↑, the correlation func-

tions are given by

F ↑
n ({µj}(p,n), ξκ, {λk}(p+1,n+1))

= 〈ΩN({µj}(p,n))| · (1− nκ,↓)cκ,↑ · |ΩN({λj}(p+1,n+1))〉
=

∑

σ∈Sn+1

∑

σ′∈Sn

YL({µσ′(j)}, {µ(1)
σ′(k)})YR({λσ(j)}, {λ(1)

σ(k)})

×〈0|
←−−n∏
i=p+1

B1(µσ′(i))

←−p∏
i=1

B2(µσ′(i)) · (1− nκ,↓)c
†
κ,↑ ·
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×
−→
p+1∏
i=1

C2(λσ(i))

−−→
n+1∏

i=p+2

C1(λσ(i))|0〉,

where {µj}, {λk} are solutions of BAE, p and p + 1 are quantum

numbers of the corresponding states. For the representations of the

correlation functions, we prove the following proposition:

Proposition 8 If both the Bethe state |ΩN({uj})〉 and the dual

Bethe state 〈ΩN({uj})| (uj = λj, µj) are eigenstates of the trans-

fer matrix, then the correlation functions corresponding to the

local fermion operators (1− nκ,↓)cκ,↑ can be represented by

F ↑
n ({µj}(p,n), ξκ, {λk}(p+1,n+1))

= (−1)n+1
∑

σ∈Sn+1

∑

σ′∈Sn

φκ−1({µj})φ−1
κ ({λk})

×Pn+1

(
ξκ, µσ′(1), . . . , µσ′(n); {λσ(j)}(p+1,n+1)

)
,

respectively, where φi({µj}) =
∏i

k=1

∏n
l=1 a−1(µl, ξk).

Proof. From the definition of F ↑
n , we have

F ↑
n+1({µj}(p,n), ξκ, {λk}(p+1,n+1))

= 〈ΩN({µj}(p,n))| · (1− nκ,↓)cκ,↑ · |ΩN({λj}(p+1,n+1))〉

= 〈ΩN({µj}(p,n))|
κ−1∏
j=1

t(ξj) ·B2(ξκ) ·
N∏

j=κ+1

t(ξj)|ΩN({λj}(p+1,n+1))〉

34



= (−1)n+1
∑

σ∈Sn+1

∑

σ′∈Sn

n∏
j=1

κ−1∏

k=1

a−1(µj, ξk)

n+1∏
j=1

N∏

k=κ+1

a−1(λj, ξk)

×Pn+1

(
ξκ, µσ′(1), . . . , µσ′(n); {λσ(j)}(p+1,n+1)

)
.

Then by using the relation

n∏
j=1

N∏

k=1

a−1(λj, ξk) = 1,

which is from the BAE and the NBAE.

¤

ii) two-point function

For two-point case, we consider the correlation function for two

adjacent fermion operators (1− nκ,↓)c
†
κ,↑ and (1− nκ+1,↓)cκ+1,↑.

With the help of the representations of the fermion operators, the

correlation function is defined by

F ↑†,↑
n ({µj}(p,n), ξκ, ξκ+1, {λk}(p,n))

= 〈Ωp
N({µj})|(1− nκ,↓)c

†
κ,↑ (1− nκ+1,↓)cκ+1,↑|Ωp

N({λk})〉

= 〈Ωp
N({µj})|

κ−1∏
j=1

t(ξj) · C2(ξκ) B2(ξκ+1) ·
N∏

j=k+2

t(ξj)|Ωp
N({λk})〉.

Here we have used the following property: for the supersymmetric

t-J model with periodic boundary condition, the transfer matrices

satisfy the relation
∏N

i=1 t(λi) = 1.
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Then with the help of the commutation relations

Aab(λ)Cc(µ) =
r(λ− µ)bcde

a(λ− µ)
Ce(µ)Aad(λ) +

b(λ− µ)

a(λ− µ)
Cb(µ)Aac(λ),

D(λ)Cc(µ) =
1

a(µ, λ)
Cc(µ)D(λ)− b(µ, λ)

a(µ, λ)
Cc(λ)D(µ),

Ba(λ)Cb(µ) = −Cb(µ)Ba(λ)

+
b(λ, µ)

a(λ, µ)
[D(µ)Aab(λ)−D(λ)Aab(µ)],

Ca(λ)Cb(µ) = − 1

a(µ, λ)
Cb(µ)Ca(λ) +

b(µ, λ)

a(µ, λ)
Cb(λ)Ca(µ),

one proves the following proposition

Proposition 9 If both the Bethe state |ΩN({uj})〉 and the dual

Bethe state 〈ΩN({uj})| (uj = λj, µj) are eigenstates of the trans-

fer matrix, then the two-point correlation functions associated

with the local fermion operators (1−nκ,↓)c
†
κ,↑ and (1−nκ+1,↓)cκ+1,↑

can be represented by

F ↑†,↑
n ({µj}(p,n), ξκ, ξκ+1, {λk}(p,n))

=
∑

σ∈Sn

∑

σ′∈Sn

φκ−1({µj})φ−1
κ+1({λk})

p∑
i=1

(−1)i−1 b(ξκ+1, λσ(i))

a(ξκ+1, λσ(i))

×




p∑
j=i+1

b(ξκ+1, λσ(j))

a(ξκ+1, λσ(j))

j−1∏

l=i+1

c(λσ(l), λσ(j))

a(λσ(l), ξκ)

×
p∏

k=i+1,6=j

c(λσ(j), λσ(k))

a(λσ(j), λσ(k))

N∏
α=1

a(λσ(j), ξα)
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×P
(
i + 1; λσ(i); {µσ′(d)}(p,n); {λ′σ(f)}(p,n)

)

−
p∏

j=i+1

c(λσ(i), λσ(j))

a(λσ(i), λσ(j))

N∏
α=1

a(λσ(i), ξα)

×P
(
i + 1; ξκ+1; {µσ′(d)}(p,n); {λ∗σ(f)}(p,n)

)

−
p∑

j=i+1

b(λσ(i), λσ(j))

a(λσ(i), λσ(j))

j−1∏

l=i+1

c(λσ(l), λσ(j))

a(λσ(l), λσ(i))

×
p∏

k=i+1, 6=j

c(λσ(j), λσ(k))

a(λσ(j), λσ(k))

N∏
α=1

a(λσ(j), ξα)

× P
(
i + 1; ξκ+1; {µσ′(d)}(p,n); {λ′′σ(f)}(p,n)

)}
,

where P is given by

P(e; δ; {µσ′(j)}; {λσ(k)})

=

n∏
i=e

1

a(λσ(i), δ)
PL

n

({µσ′(j)}(p,n); {λσ(k)}(p,n)

)

−
n∑

j=p+1

b(λσ(j), δ)

a(λσ(j), δ)

j−1∏

k=p+1

c(λσ(k), λσ(j))

c(λσ(k), δ)

n∏

l=e,6=j

1

a(λσ(l), λσ(j))

×PL
n

({µσ′(d)}(p,n); {λσ(1), . . . , λσ(e), . . . , λσ(j−1),

δ, λσ(j+1), . . . , λσ(n)}(p,n)

)

−
p∑

i=e

b(λσ(i), δ)

a(λσ(i), δ)

i−1∏

k=1

c(λσ(k), λσ(i))

c(λσ(k), δ)

p∏

j=1, 6=i

1

a(λσ(j), λσ(i))

×



n∏

l=p+1

1

a(λσ(l), λσ(i))
PL

n

({µσ′(d)}(p,n); {λσ(1), . . . ,
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λσ(e), . . . , λσ(i−1), δ, λσ(i+1), . . . , λσ(n)}(p,n)

)

−
n∑

l=p+1

b(λσ(l), λσ(i))

a(λσ(l), λσ(i))

l−1∏
m=p+1

c(λσ(m), λσ(l))

c(λσ(m), λσ(i))

×
n∏

q=p+1, 6=l

1

a(λσ(q), λσ(l))

×PL
n

({µσ′(d)}(p,n); {λσ(1), . . . , λσ(e), . . . , λσ(i−1), δ,

λσ(i+1), . . . , λσ(l−1), λσ(i), λσ(l+1),...,λσ(n)
}(p,n)

)]

and the spectral parameters λ′, λ∗ and λ′′ are given by

λ′σ(k) =





ξκ (k = 1)

λσ(k−1) (2 ≤ k ≤ i)

λσ(k) (i + 1 ≤ k ≤ n and k 6= j)

ξκ+1 (k = j)

,

λ∗σ(k) =





ξκ (k = 1)

λσ(k−1) (k = 2, . . . , i)

λσ(k) (i + 1 ≤ k ≤ n)

,

λ′′σ(k) =





ξκ (k = 1)

λσ(k−1) (2 ≤ k ≤ i)

λσ(k) (i + 1 ≤ k ≤ n and k 6= j)

λσ(i) (k = j)

,

respectively.
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Part IV: Conclusions and Discussions

In this work, we constructed the Drinfeld twists for the super-

symmetric fermion models. Working in the F -basis, we obtained

determinant representations of correlation functions for the super-

symmetric t-J model. The results make us possible to study the

following interesting problems:

i). To discuss the thermodynamical properties of the correlation

functions.

ii). To study the time-and temperature-correlation functions of

the models.

iii). To study the relevant mathematical problems, such as the

alternative sign matrix.
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