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Abstract

In this talk, we will review the recent progress on the construction of determinant
representations of correlation functions for the supersymmetric ¢-J model. The main
approach of the work is based on the Drinfeld twists (F-basis). Working in the F-basis,
we find the entries of the monodromy matrix and the Bethe states of the model can
be expressed by using symmetric formulaes.
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Part I: Background and main method

1.1 Background

For the algebra ¢l(2) case

e 1981: Gaudin et al proposed a hypothesis that the norm of
the coordinate eigenstates for the XXZ spin chain model can be

given by some Jacobians.

e 1982: Korepin proved the hypothesis. Then Korepin and his
collaborators found that the correlation functions of the model

can be represented by using determinants.

e 1992: Jimbo et al obtained the correlation functions for one di-
mensional integrable models by using the technique of g-deformed

vertex operators.

e 1996: Maillet and his group proposed the Drinfeld twist ap-
proach to construct the determinant representations for correla-

tion functions of the XXZ model.



Progress for the higher rank (super)algebra case

e 1986 Reshetikhin found a recursive formula for the scalar prod-

uct of the integrable model related to gl(3).

e 2001: Flume and his group constructed the Drinfeld twist for
the integrable models related to the algebra gl(n). With the
help of the approach, they found symmetric expressions of the

Bethe states for the model.

e 2004: Our group generalized the Drinfeld twist approach to the
supersymmetric fermion models associated with the superalge-
braic U,(gl(m|n)). By means of the approach, we gave symmet-
ric expressions for Bethe states of the integrable fermion model.
The results led directly to the determinant representations of the

correlation functions for the supersymmetric ¢-.J model.

1.2 Main ideas

In general, a k-point correlation function is defined by

E = (Qu{ el ek [ ({A 1),
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where e‘gj’s stand for the local fermion generators of the superalge-
bras, and the lower indices ¢; indicate the positions of the fermion
operators.

According to the relations proposed by Kitanine et aland Gohmann
et al , the local fermion operators can be represented by using entries
of monodromy matrices. For example: For the supersymmetric ¢-.J

t

model, the fermion operator (1 —n,1)c, | can be given by

(1—nmcl—Ht§7 - Ch(&) - Ht@ ,

Jj=kK+1

where t(€) is the transfer matrix. Therefore the correlation function

becomes

Eyot = F6 A m{n{m DIX () - X (€I {A ),

where f(&, A\, ) is from the eigenvalues of the transfer matrices,
{&} = {¢'} and X () stands for the entries of the monodromy ma-

trices.



Now as an example, we investigate the supersymmetric ¢-J model.
Considering the monodromy matrix of the model,
T(A) = Ron(A—&n) ... Rot(A— &)
All()\) A12 )\) Bl

() Bi
= | As()) An(\) By(N)
Ci(A)  Ca(A) D(A)

the correlation functions can be given by

diodlyidy e dn=1,2
X f(& A )0 Bay (k) - - - By (1) X (&3) - - - X (&)

XCdl()\l) e Cdn<)‘n)‘0> (1)

Difficulties: The creation (annihilation) operators C; (B;)and
other entries of the monodromy matrix are very complex. Therefore
it is very difficult to compute the correlation functions for the model.

The idea to solve the problem: One of the possible ideas
to solve the problem is to look for a proper basis with which we can

simplify the creation operators. For the main part of (1), we have

(O[Bg, (ptn) - Bar (1) X (&1) - - - X (&) Cay (A1) - - Cag,, (An)]0)
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= (0|Bg,(ptn) - - - By (pa) - F~'F -
<X(6) . X(E)Cu (M) a0
= g({&)O01 By (1) - - - Bd’1<)\1>

x X (€1)... X(&)Cq, (M) ... Cyq, (A)]0).

Here X = FXF~, |0) = F|0). Thus if we can find a suitable F-
basis, then we can make the computation easier than before. In the

next, we will construct such a F'-basis.



Part II: Drinfeld twists

II.1 N-site R-matrix
We firstly define a useful notation: N-site R-matrix R{ 5. Let o
be an element of the permutation group Sy. The N-site R-matrix

is defined as follows.

Definition 1 One can define a mapping from Sy to End(V®V)
which associate in a unique way an element RS € End(V®Y)
to any element o of the permutation group Sy. The mapping

has the following composition law

1 N—PUR (PU) R1 N_RO( N) 1 N VO',O'/GSN,

where R (Z ) Riiy1) and P? is the Za-graded permutation

operator

730|i1>(1) ce |iN>(N) = ’i1>(0(1)) ce |iN>(a(N))-

By using the composition law defined in the definition, we can de-

compose the N-site R-matrix to elementary R-matrix of the gl(m|n)



model

RlQ()\la A2) = Ria(A1 — Ag)

m+n m+n
— 6122622®622+ Z 622®622+a’12zelz®6]j
1=m-+1 1#7=1
m—+n m+n
+ 019 Z( 1)[]61]®€yz+612 Z eZ]®6JZ7
1>75=1 J>1=1
where
AL — A
19 = a(A1, Ay) = :
12 ( 1 2) )\1_)\2+77
Ui
bio = b(A1, Ao) = ;
12 ( 1 2) )\1—)\2+7]
Al — A — 1)
cl2 = c(A1, \o) =
12 ( 1 2) )\1_)\2_’_77

I1.2 Factorizing F-matrices and their inverses

Definition 2 The N-site F-matriz Fy_ n(&1, ..., EN) 1S an op-
erator in End(V®Y) and satisfies the following three properties:

I.) lower-triangularity; II.) non-degeneracy; I11.) factorization,

namely,

N (&o)s 5 &ov) BTy = F1.n (&1, -+, &), Vo € Sy.
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Proposition 1 The N-site factorizing F-matrix for the gl(m|n)

supersymmetric model, given by

Fi.xv = Finé,...,&N)

*

m-+n
=2 Z HP S(o, a0) R v,
O'ESNOé() 0 =1 ] 1

satisfies the properties I, II and III in the definition 2.

Here, P is the embedding of the project operator P in the i-th
space with (PY) = 0ki0pa, S(0, ) is a c-number function of o, o,
and the element ¢;; of the R-matrix

N
1 o
S(o, ay) = exp {5 > (1 — (1) ”““)]) Oy gty (L + Co<k:>a<w)}

[>k=1

and the sum >_" is defined by

Qo(it1) = oy (o(i+1) > o(i));

Qg (i+1) = Og(i) (O(Z + 1) < O(Z))
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For example, when N = 2, for supersymmetric ¢-J model, the

R-matrix and F-matrix are as follows.

(cw O 0 0 0 0 0 0 0\
0 a2 0 —512 0 0 0 0 O
0 0 a192 0 0 0 b12 0 O
0 —biy 0 ao 0 0 0 0 O
Ry = 0 0 0 0 e¢2 0 0 0 0],
0 0 0 0 0 a12 0 blg 0
0 0 b12 0 0 0 ai12 0 O
0 0 0 0 b12 0 ai192 0
\0 0 0 0 0 0 0 01
( l+c¢o 0 0 0 0 0 0 0 0\
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 —b12 0 aio 0 0 0 0 0
Fis = 0 0 0 0 l4¢cpo 0 0O 0 O
0 0 0 0 0 1 0 00
0 0 b12 0 0 0 a9 0 O
0 0 0 0 0 bip 0 ap 0
\ 0 0 0 0 0 0 0 01
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The non-degenerate property of the F-matrix implies that we can

find the inverse matrix F 1_._.1N.

Proposition 2 The inverse of the F-matrix is given by

Fily=F x H Az'_jla

1<J
where
m+n ** N
Y n = Z Z S(U Qg RU1 N) HP;(?
OCESN Ap(1)- g (N)=
and

( .
Qjj Zf Q> O

Qji ’Z:fOéZ'<Oéj,
1 fay=a;=m+1,..., m+n,
\4&@‘ Z'fOJZ':ij:L...,m.

Bif;
[Aij]%ﬂjj - 5Oéi5i504jﬁj )

Here the sum Y is taken over all possible «; which satisfies the

following non-increasing constraints:

g (i+1) < Qg (4) (U(Z + 1) < O-(Z))a Qo (it+1) < Qg(j) (O-<Z + 1) > 0-(7’» :

I11.3 Entries of monodromy matrix in the F-basis
The non-degeneracy of the F-matrix means that its column vectors

also form a complete basis of the quantum space V&, which is called
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the F-basis. In this section, we study the generators of gl(m|n) and
the elements of the monodromy matrix in the F-basis.
Introduce the generators in the F-basis: E’i,j = F NEme'_lN,
L _ i i
(¢,7=1,...,m+n), where E; ; = E(l) + ... E(N). Then,
Theorem 1 In the F'-basis the Cartan and the simple generators

of gl(m|n) are given by
N ..
E’m' = Ei,i = ZE;}{;, 1= 1,...,m—|—n,
k=1
N
1 j+1 :
Ej,j—|—1 — ZEgk]) ®’y7ék3 Ggfyj) (k77)7 J = 17 co, MmN — 17
k=1
N
+1,j +1,j :
Ej+1,j = ZE{M J ®77é]€ G?V) ]U‘C,’}/), ] = 1, e, MmN — 1.
k=1

Here the diagonal matrices sz?fﬂ(i,j) are:

o forl<~vy+1<m,

( 27 k - /‘)/7
(GUT ) = i { (2ay)™" k=v+1,
L1, otherwise,
( 27 k =7 + 17

(G = O (a7 k=7,
1, otherwise,

\

13



( 2, k=1,
(GZj;+1(i7j))kl = O L, k=~v+1,

| 1, otherwise,

( (Qaji)_17 k=,
(GG = g (a)™', k=v+1,
L1, otherwise,

o forl+m<~vy<m+n,

: otherwise,

—1
@ i = du{ (N
(

SIS P _ a;)”t, k=v+1,
(G i = 5“{ 1, otherwise.

Now let us study the entries of monodromy matrices in the F'-
basis. We first see the elements D(A) = T, m+n(A) for the gl(m|n)

model.

Proposition 3 [?()x) = FL_'ND(A)F{}N is a diagonal matriz

given by

Then with the help of Theorem 1 and Proposition 3, we may

compute all other creation (annihilation) operators of the fermion

14



systems:

in 1) = FChin i(NF ™ = [Erin timin, DOV,

Bpini(A) = FBpng(ANF™!

- (_1)[m+n]+[m+n—l] [D()\), Em+n7m+n—l]7

where C),.n—; and B,,,,_1 are the entries of the monodromy matrix
Tm+n,m+n—l and Toan—t,mn, respectively.

We then have for some special values of m and n.

e For m =2,n =0, i.e. the gl(2|0) case:

Z bOZE ®j7g@ diag (ZaOJ, coj(2ai;)” )(j) .

Z bo; ®]¢Z diag (aoj(2aﬂ) L 26()]')(].) ;

e For m =2,n =1, ie. the gl(2|1) case,

N
CN'Q()\) = Z bolEé’)?) ®j7éi diag (aoj, anj, 1>(j) ,

1=1

BQ( Z bOZE3 ®]7§Z dlag (a()]) ao; (20’]2)_ ) j_zl)(]) )
1=1
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N
él<)\) = Z b()ZE(lz’)S ®]7,§@ dlag (QCL()]', an(aij)_l, 1)(j)

1=1

N
0250 i 1,2 42,3 -
Z J jE E( ) ®kj7él,j (2a0k7 aOk(aik‘) 17 1)(k) .

N
Bi(X) = = ) boiEy @i a;'diag (an; /2, a0, 1)

1=1

N
B Z anbOibjz’ES,ZEZ,l
— . 2o Eo

iAj=1

Rk£i,j (CLOk:(Qakrj)_la aOk(ak‘i)_la aki) (k)"

Here zo; = x(\, €) with z;; stands for a;;, b;.

Remark: One sees that working in the F-basis, the creation
and annihilation operators take completely symmetric forms. With-
out this basis, the original creation (annihilation) operators are very

difficult to give such simple forms.
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Part III: Determinant representations of

correlation functions

Note: In the following, as an example, we study the correlation
functions for the supersymmetric ¢-J model.

To compute the correlation functions, there are three
steps: Bethe states in the F-basis — Scalar products

—— Correlation functions.

II1.1 The Bethe states in the F'-basis
e Definitions of Bethe states

In the framework of the algebraic ansatz, the Bethe states (eigen-
states) are constructed by acting the creation operators C;(A) (or the

annihilation operators B;(\)) on the pseudo-vacuum state.

Definition 3 Let |0) be the pseudo-vacuum state of the N-fold

quantum tensor space VEV | and \O>(1) be the pseudo-nested-vacuum

17



state of the ni-fold nested quantum tensor space (VI)®™ e,

0 0
w=st (o) o m0-sp (1)
1 0 (4)
The Bethe state of the q-deformed supersymmetric t-J model is

then defined by

Qv = D (@) Gy (N) . Ca, (A)]0), (1)

dy...dn,
where \j # ... # A\, di = 1,2, (Q( ))dl Ay s a component of the
nested Bethe state |Q)) via
20, () = ) CPORIMY (A # £ ),
(2)
and C, the creation operator of the nested gl(2) system, is the

lower-triangular entry of the nested monodromy matriz T™

T(l)(A(D) = ()\( ) — nl)TOnl 1()\( ) — )‘m—l) ce 7’01()\(1) — )\1)

A
( 1<A>B<1>)
ALy DO(AW)

with r12(A1, A2) = ria(A1 — X)) = 012(61,1 ® e11 + ex2 ® eg9) +

aja(e11 ® ego+ero @eq) — boes1(Rera+e12 @ eaq).

Similarly, we can also define the dual Bethe state (Qy].

18



Definition 4 With the help of the dual pseudo-vacuum state (0|
and the dual pseudo-nested-vacuum state (0|V), the dual Bethe

state is defined by
Qv{w =D (@)m-S0|By, (1) . By, ()

where fin, # ... # p, (QW)m-Dis o component of the dual
nested Bethe state (V)

1 1 1 1 1
(Qu ({ NI = VBN ) B ) () # . # D).

e Useful properties of the Bethe state

A. The exchange symmetry:

Let 0 = oy, ... 04 be any element of the permutation group &,
with oy, be elementary permutations o;;(i;,4; +1) = (i;+1,4;). We
define the following exchange operator fa = f% e fgik for the Bethe
state |Qn({\;})) of the supersymmetric t-J model, f,|Qn({\;})) =
Qv ({As(j)}))- Then one may prove, under the action of the exchange

operator, we have the following proposition:
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Proposition 4 The Bethe state |Qy({\;})) of the q-deformed
supersymmetric t-J model satisfies the following exchange sym-

metry

FAOND) = ——lov(Duh),

1.«

/

/
g 0 _ g g
= Cor(1..ny)CLomp and

where ¢, has the decomposition law ¢{ %,

c‘fi_.nl = ¢; 11 = (N, Air1) for an elementary permutation o;.

B.Faddev-Zamolodchikov relation
For the creation operators Cj(v) and Cj(u), we have the commu-

tation relation

Ci(v)Cj(u) = —

a(u,v)
Then together with the exchange symmetry, we may rewrite the

Bethe states of supersymmetric ¢-J model as

(v, .., )
= ) (@)t Gy (A) - Ca, (A)]0)
dy,....dy
1
— o Q(l),o)ll...12...2
| Y Z Cl...n( n
p(n p) O'GSn

20



XH H (—a™ (Vo) Vo))

k=1 l:pl—l—l

X Cg(vg(p+1)) ce Cg(va(n))cl (U0<1)) Ce Cl (?}U(p)) ‘O> ,

where d; = 1,2(i =1,...,n) and (Q%1)70)11...12...2 _ (]EUQS))M...M...;
Here, without loss of generality, we will only concentrate on the Bethe

state with the quantum number p which indicates the number of

d; = 2.

C. Eigenstates:
The diagonalization of the transfer matrix ¢(\) leads to the fol-

lowing theorem:

Theorem 2 The Bethe states |QQx({\;})) are eigenstates of the
transfer matriz t(X) if the spectral parameters A\; (j =1,...,n1)

satisfy the Bethe ansatz equations (BAE)

N no

aN &) [[a v ) =1 (G=1,...,n)

k=1 =1
and the nested Bethe ansatz equations (NBAFE)

2! n2 a(}\(l) )\(U)
[Tau A T =552 =1 (=1,....m).
j=1 k=1, a()\,({}), >\1(1)>
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The eigenvalues A\, { i}, {)\51)}) of the transfer matriz t(\) are

given by

A Dt DY)
N n1 1 1 n1 1
= gau,@) H e Aj)N () +H PP

J

where AV(N) is the eigenvalues of the nested transfer matriz

t(N) = stryTW(N)

ni ng ni n2

=T T - e T sy
a(Aj, A) a(AM, )

1
j=1 k=1 (A, )\/(g )) j=1 k=1

One easily checks that this theorem also holds for the dual Bethe

state (Qn({g;})] defined by (3) if we change the spectral parameters

A; and )\5.1) in (3)-(3) to p; and u§1), respectively.

e The Bethe state in the F-basis

Acting the associated F-matrix on the pseudo-vacuum state |0), one
finds that the pseudo-vacuum state is invariant. It is due to the fact

that only the term with all roots equal to 3 will produce non-zero

results. Therefore, the Bethe state (1) in the F-basis [Qy({\;})) =
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Fi ~nQn({A;})) can be written as
QA1) = D Q)M Ca (M) - Ca,, (Aa)]0).
dy...dn,
Here we will use the notation |Qx({\;} )} with the subscript pair
(p,m) to denote a Bethe state which has quantum number p and has

n spectral parameters.

Proposition 5 The Bethe state of the supersymmetric t-J model
can be represented in the F'-basis by

(A ) = D Yallho AN D

ceSN

XCo(As1)) - - - CalAa(p)) Cr(Aapi)) - 01( )\0>

- Z YR<{)\U(i)}7 {)\ Z Z (n— p n—p—1)

UESN 1< <l U1 <...<ip
X H H 1) &) et By Ao1)s - - -3 Ao(p)i iy - - -+ &)
=1 k=p+1
X detBn_p()\a(p+1), . &p+17 - 7€Zn HE23 H E >

J=p+1

with the sets {i1,... iy} N{ip+1,...,9} = & and the prefactor
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Yr being

Va{ s} A0 )

_ 1 * (1) (1)
_ mq o (Apﬂ,...,An Potptys s Aot
)\O'(l))
: H H( Aot) )
k=p+1 1=1 g

/

has the decomposition law ¢7°, = ¢, /(1) Cl.n With

.....

¢, = C i+1 = c(v;,vi11) for an elementary permutation o;, the

(1) P
c(Ar 5 A) (1)
X 20(A; 7 Ao(D),
| 200 ) A 20 A0
j#o(k),...,o(p) I=k+1

and the elements of the n x n matriz B,({\:}: {;}) are

a—1
(Bu)ag = b(Aa, €5) | [ oMy, €5)
v=1
T
and we define the notation Hfl = fi...fn.
i=1
T
For our later use, we also introduce the notation H fi=fn... fi.
i=1
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By a similar procedure, one may prove the following proposition

for the dual Bethe state (Qn ({11} )]

Proposition 6 The dual Bethe state @N({,uj}(p’n)ﬂ of the su-

persymmetric t-J model can be represented by

Qv ({15} o)
= > Vil{ttot 1, {150 DOOIBi (o)) - - - Brltopin))
ceSN

XEQ(MU(p)) e E2(MU(1))

= Z YL({Ma(i)}a{M%)D Z Z

ceSN 1< <l Uy 1 <. <l
n
_plp=1)+(n— prlp 1)
x(=1)"2 T TT el &)
I=1 k=p +1
><H H . &) H H & &)
[=1 k#1y, ip+1 ..... in l=p+1 k=1,#14;

Xdet8p<,ua( 1)y - Mo(p flla"'agzp)

n p
X detBn—p(:uJ(erl)a s Ho(n glp—l—l’ S 7€2n O‘ H E HE )
1

Jj=p+1 j=

where the prefactor Y7, s

Yi({roei} {MS()])})
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1

'7:un ‘M0p+1)

S - ( w ..
pl(n_p)'cl n Iup+1
o [ 20k
<11 H( u )
hept1 =1 o(k)

and the c-number B" is given by
kok 1
Bp (Mg)a"'aué1)|ﬂ17"'7up)

=S TTo0” o) 11

oSy k=1 j#o(k),....o(p)

26
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II1.2 Determinant representation of the scalar prod-
uct
The scalar product of the Bethe states with a given quantum num-

ber p is defined by

Po{ti} oy AN o) = (N1 om) [N o))

The invariant property of the pseudo-vacuum state under the F'-
transformation, i.e. Fy_y[0) = [0) and (0|F 'y = (0], implies that

in the F-basis, the scalar product P, is

Pn({ﬂi}(p,n)a {)‘J}(p,n)> — <QN({MJ}(p,n)>‘QN<{>‘j}(p,n))>
= (v ({15} o) O (A} o)

= Z YL({MUIQ)}; {/vbg,llzk)})YR({Aa(j)L {)‘Sgk)})

X (01 B1(ftor(n) - - - Bt (1)) Bapiorp) - - - Balpior(ay)

XCQ()\U(U) ce Cg()\a(p))cl(Ag<p+1)) ce él()‘a(n))‘0>°
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To compute the scalar product, following, we introduce the follow-

ing intermediate functions

m ({)\k} pn ul? s 7“77%7;771—1-17 S 7Zn)
p
(0] H E3 1T ER Balpim) - - Ba(pn)
—p—l—l k m—+1 - N
XCQ()\ ) CQ()\p)Cl(Ap_H) . Cl<)\n)|0 >
(m < p),
OF 1T £2LBulim) - - Bi(pysr) Ba(pay) Ba(pa)
k=m+1 B B B
XCQ()\l) c CQ()\p)Ol()\p_H) e Cl<)\n)‘0 >
\ (m > p).

where the lower indices of E(?i) and E(i) satisfy the relations 4,,,1 <
C <y 1 < oo < dpand {iy, .0 O i, ey = D

Thus, the scalar product can be rewritten as

Bo({i} s AN Y om)
= > Vil b digty DYe00) 1 A0 D

G(n) ({)\O'<j) }(p,n)7 {Mdl(k)}(pa”)> '
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Inserting a complete set, the first formula of G becomes

G(m)({Ak}p, 7,U17---7,um:im+17"' ZTL)
N

= > (0 H Ej} H EP\ By
j;«éim+1> Sin k= p+1 k m+1
m+q
XHE 23 H E23 HEB‘O
k=m+1 k: m+q+1 k=p+1

XG(m_l)({Ak}(p,n)a K1y -5 Bm—1, Zm—i-l?

hmtas Jrimigit - oin) (0 < g <p—m)

For the recursive relation (3), the initial function G(*) can be easily

given by

0({)\k}pn i1y ey lp)

<_
p n
— (0| H E}! HE% [[G00 T Ciwlo >
k=p+1 k=1 k=1 k=p+1
p n
(n—p)(n—p—1)
- 2 p = H a )\l7 glk
=1 k=p+1

Xdeth(Al, ceey )\p; 5@17 R 7€ip)

xdetBn_p()\pH, ceey )\n; &p—s—l’ ce 7€Zn)

And the prefactor of the function G~Y can also be easily obtained
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O‘ H E31 H E32 32

k=p+1 k m+1
e
m—+q
23 13
< ] EZE H Eg H E}|0)
k=m+1 k: m+q+1 k: p+1
p n
— _(_1>q2—(p—m) ) b(:uﬂ%gj) H a(:umagil) H a(:umagil)
l=m+1 I=p+1
N
< ] & &)
k?éj,ip_|_1 ..... in

Then by using the above two relations, we arrive at our main

result:

Theorem 3 Let the spectral parameters {\;} of the Bethe state

QN({ Akt pn))) be solutions of the BAE. The scalar products

Po({t} (pn)> 1M pm)) are represented by

Pn({ﬂk}(p,n)v {)‘k}(p,n))
—1" > Vil{uoi b sy DY) 1 Db

o,0'eSy,

X {det F(Ao1), - - -, Ao(p)i Ho'(1)s - - -+ Ho'(p))

X det/\/i( o(pt+1)s - )\ a(n)y Mo’ (p+1)s - - - 7MU’(H))
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X (A2)o(1)o(j1) - - - (A2)5(p) o ()
X d@t./\/‘Q( o(p+1)s )\ a(n)s Mo’ (p+1)y - - - 7”0/(71))

"
+ Z d@tAg()\a(l), Cee )\U(p); IUU/(D, - ,,ual(p)>

X d@t./\fg( o(p+1)s ) A o(n)s Ko (p+1)y - - - 71“0'(%))
o' (jp))
+ Z > Z T
k lk: ka k! l/, pk/ ].'1 ..... jp—'
X(Ag)o)o'(j1) - - - (A2)ap) ()

X d@tM( o(p+1)s - ;A o(n)s Ha'(p+1)s -+« 5 ,ua’(n))} :

For expressions of F, Ay, As, A4,N1, ..., Ny, One may find in our
paper: “Commun. Math.Phys. 268 (2006) 505-541" .

Remark: On the other hand, if we compute the scalar product
by starting from the dual state (C2x({);}n)|; then by using the
same procedure, we have the scalar product P({ i} ), {145} o)

is given by

By ({M} s {13 Y om)
= 3 Vil b A DY R ) 0 )

o,0'eSy,

G {1t ()} oy LAt o))
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II1.3 Determinant representations of correlation func-

tions

A k-point correlation function is defined by
Fr = (v({ghle, - - e [ ({A}),
e Fermion representations of the local operators

Before we compute the correlation functions, we first introduce the

proposition

Proposition 7 (Géhmann-Korepin) The local spin and field op-
erators of the supersymmetric t-J models can be represented in

terms of monodromy matriz as follows.

N

(1= np)eny = Ht@ Big) - 1 e
(=)t = jHlt@j)-Bz(sH)- IR
(1= nep)el, = jﬂit(@)-a(m JIRGE
(L= ne)ely = ﬁt(@)-@(@)- II we

(1= )(1 = nyg) = Ht &) - D(&x) H &)
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S}; = _Htgj A21 g/ﬁ H tg] )

Jj=kK+1
S/i — _Htfj A12€/<c H tg] )
J=k+1
SZ, = —_Ht €j All g/i AQ? €f<: H t g]

Here n, n.+ = 0 since the double occupancy of lattice sites on the

restriced Hilbert space of the supersymmetric ¢-JJ model is excluded.
e Correlation functions

In general, with the help of the representations for the local operators,
we may compute any correlation functions. Here we only give two
examples.

i) One-point function

For the local fermion operator (1 —n,, |)c, 1, the correlation func-

tions are given by

F {5} s & {0 prinin)
= ({pi} )| - (1= )en - 1A prrnen)
= 3 > Vil{uoiy b Al DYr{ et} AN D

UESn—H o'eSy,

(0] 1T Buluores HB2 o) - (1= p)ch -

1=p+1

33



p+1 n+1

XHCQ H Cr(A

1=p+2

where {1}, { i} are solutions of BAE, p and p + 1 are quantum
numbers of the corresponding states. For the representations of the

correlation functions, we prove the following proposition:

Proposition 8 If both the Bethe state |QQy({u;})) and the dual
Bethe state (Qn({u;})| (u; = \j, ;) are eigenstates of the trans-
fer matriz, then the correlation functions corresponding to the

local fermion operators (1 — ny, |)cx1 can be represented by

-Fg({ﬂj}qMﬂagﬁv{Ak}(p+Ln+1ﬂ

= (=" >0 > dealHen ()

0E€Sy 41 0'€Sy

X Pri1 (éum Hao'(1)y -« -+ s Ho'(n); {)‘a(j)}(p—i—l,n—i—l)) y

respectively, where ¢i({1;}) = TToey Ty @™ (11, &5).

Proof. From the definition of )], we have

n—i—l({:u]} g/‘ﬁ? {)‘k‘} (p+1,n+1) )
= On{Estpm)] - (1 =ng)esr - QNEA Fpa1n)

k—1 N

= Onv(midem) | L&) Ba&) - || HENNHEAFpr1041))

j=1 J= m+1
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n k—1 n+1

= (=" ZHf[a (.60 T 1 H (A, &)

0€Sy 41 0S8, j=1 k=1 J=1 k=k+1

X Pt (& o/ (1)s - - - 5 o) LA ()} o1 01) ) -

Then by using the relation

n N
HHa’_l()\jagk> - 17
k=1

which is from the BAE and the NBAE.

ii) two-point function

For two-point case, we consider the correlation function for two
adjacent fermion operators (1 — n,ﬁ,l)ci:’T and (1 — nyr1 | )Chur11-

With the help of the representations of the fermion operators, the

correlation function is defined by

FJT7T({/VLJ}(19,H)7 gm gli—l—l) {)\k}(p,n))
= (DI = ney)el (1= npi)ewn, ﬂ@p ({2 ])

@D TTHE - o) Bateon) - T] eI
j=1 J=k+2

Here we have used the following property: for the supersymmetric
t-J model with periodic boundary condition, the transfer matrices
satisfy the relation ], t(\;) = 1.
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Then with the help of the commutation relations

b(A —

AsNC) = "I 4,40 +

)

()\ ,LL) b( )C\L)()\ _ ,LL) Cb(ﬂ)Aac()‘>

1 s
D()‘)Cc(:u) = WOC(M)D()‘> - mCC(A>D(IM>7
B,(A)Cy(p) = —Cy(p) Ba(N)

+ 2D () As(N) — DOVAu(0]
B 1 b(p, A)

Ca(NCy(p) = ey Cy(1)Ca(X) + i) Cy(N)Ca(p),

one proves the following proposition

Proposition 9 If both the Bethe state |Qx({u;})) and the dual
Bethe state (2x({u;})| (w; = Aj, pj) are eigenstates of the trans-
fer matriz, then the two-point correlation functions associated
with the local fermion operators (1_nm,l)CL,T and (1—ny41|)Crr1 1

can be represented by

FJT’T({Mj}(p,n)y 6%7 g/i-l-l? {)\k} (p,n) )

- Z Z gb’f—l({:uj /i—H {)\k} Z 5’%—’_1’ ())

oceS, o'eS, glﬁ—l) o(i ))

—1
y Zp: b(&r1, Ao(j)) ‘71—[ c(Ao(1)s Ao(j))
a(€m+1> ' a()‘a(l)a 5%)

j=i+1 /\‘7(3)) I=i+1




X P (’L + 1; )\ {No d)}(p,n); {)\:T(f)}(pan)>

f[ (A U(j) ﬂa()\
14 alx a<j>) ol

j=
XP i+ 1;&1; {No’(d)}(pm)? {)‘;(f)}(Pv”O

i1
b()‘a(i)a)‘d(j)) ! C(AU(Z)’ AU(]))

. a()\a(z')7)‘a(j)) a(Aa(l%)‘o(i))
a(\

j=i+1 [=1+1

p
i+
ﬁ c(As(y); Aa() ﬂa( A\
ey (Ao(j)s Aor)) a=1

x P (i + 1 (oo o i Yom) |
where P is given by

(6'5' {Mo ) })
_H L (Lo ooy o) o)

X

7 (Ao 7)‘01') 1
B Z H (k)> o)) H O

—p+1 o (j)s >/{:—p—i—1 (Ao, 0) e i o(1)> Ao (j))
b, <{Ma’(d)}(p,71)a {Ao@)s s Ao(e)s - - Aa(j—1);




)\a(e)a s Ao(i=1)5 0y Ao(i1)s - - - s Ao(n) F o))
B Z ()> Ao(i)) ﬁ c(Ao(m)s A1)
S a ,>\0<>) et c(Ao(m)s Ao(i))
- 1
< 1

a
q=p+1,#l

XPT% <{M0/(d)}(p,71); {)\0(1)7 SR )\0'(6)7 SR Aa(i—l)a 57

)\J(H-l)? ceey >\U(l—1)7 )\U(i)p )\J(l+1) ..... )\U(n)}(p,n)>:|

& (k=1)
)\/ — )\a(k:—l) (2 < k< Z)
o(k) Moy (i+1<k<mnandk+#j)’
§I<H-1 (k — ])
(& (k=1
)\f;(k:) =93 Aoty (K=2,009)
\ )\a(k) (z—i—lSkSTL)
Er (k = 1)
Vo= ) Aoy 2k <)
o(k) Moy ((+1<k<nandk#j)’
L )\a(i) (k — j)
respectively.
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Part IV: Conclusions and Discussions

In this work, we constructed the Drinfeld twists for the super-
symmetric fermion models. Working in the F-basis, we obtained
determinant representations of correlation functions for the super-
symmetric t-J model. The results make us possible to study the
following interesting problems:

i). To discuss the thermodynamical properties of the correlation
functions.

ii). To study the time-and temperature-correlation functions of
the models.

iii). To study the relevant mathematical problems, such as the

alternative sign matrix.
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