
• Definition of Operator c(ζ, α)
Singular part of the partial fraction

c(ζ, α) = qα−Ssing k+(ζ, α)

where

k+(ζ, α)(X) = (1 − q2(α−S))ζα−S ×

×Tr+A,a

(
q2αDAσ+

a T{A,a}(ζ)
−1XT{A,a}(ζ)

)
,

T+
{A,a}

(ζ) = L+
{A,a},n

(ζ/ξn) · · ·L
+
{A,a},1

(ζ/ξ1).

• Triangular L operator

L+
{A,a},j

(ζ) =

(
Aj 0
Cj Dj

)

a
,

Aj = L+
A,j(q

−1ζ/ξj)q
−σ3

j/2,

Cj = γ(ζ/ξj)L
+
A,j(qζ/ξj)σ

+
j q

−2DA+1
2,

Dj = β(ζ/ξj)L
+
A,j(qζ/ξj)q

σ3
j/2.
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• Reduction property
Using [2DA−σ

3
a−σ

3
1, L

+
{A,a},1

(ζ)] =

0 and T{A,a}(ζ) = T2(ζ)L
+
{A,a},1

(ζ/ξ1)

we get

Tr+A,a

(
· · ·

)

= q(α−1)(σ3
1−1)

{
Tr+A,aσ

+
a q

2DA ×

×L+
{A,a},1

(ζ/ξ1)
−1q(α−1)(2DA−σ

3
a−σ

3
1)qασ

3
1 ×

×T2(ζ)
−1X2T2(ζ)L

+
{A,a},1

(ζ/ξ1)
}

= q(α−1)(σ3
1−1)Tr+A,a

(
{L+

{A,a},1
(ζ/ξ1)}

t1 ×

×σ+
a q

2DAqσ
3
1{L+

{A,a},1
(ζ/ξ1)

−1}t1
)t1

×

×q(α−1)(2DA−σ
3
a)T2(ζ)

−1X2T2(ζ).

We can compute
(
· · ·

)t1
= q2DAσ+

a +

+
γ(qζ/ξ1)

β(qζ/ξ1)
σ+

1 τ
−
a −

γ(q−1ζ/ξ1)

β(q−1ζ/ξ1)
σ+

1 τ
+
a .
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and reach

k+
[1,n]

(ζ, α)(qασ
3
1X[2,n])

= q(α−1)σ3
1k+

[2,n]
(ζ, α)(X[2,n]) +

+σ+
1 ∆q

(
γ(ζ/ξ1)

β(ζ/ξ1)
Q+

[2,n]
(ζ, α − 1)(X[2,n])

)
.

• Annihilation property

c+
n (α)(X) =

(1 − q2(α−S))(qξn)
α−S

∏n−1
j=1 β(ξn/ξj)

×

×Q̃+(ξn, α)

(
(a, 1)nX

(
1
−a

)

n

)

where

Q̃+(ζ, α)(X̃) = q
−S[1,n−1] ×

×Tr±A

(
q2αDAT+

A,[1,n−1](qζ)
−1X̃ T+

A,[1,n−1](ζ/q)
)

×q
−S[1,n−1]

• Grassmann relation

k+(ζ1, α−1)k+(ζ2, α) + k+(ζ2, α−1)k+(ζ1, α)

= ∆q,ζ1F (ζ1, ζ2) + ∆q,ζ2F (ζ2, ζ1) ,
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• Jordan Wigner transformation

ψ±j = σ±j i
∓

∑j−1
l=1 σ

3
l ∈ V[1,n].

• Adjoint action

Ψ±
j : V

(s)
α → V

(s±1)
α∓1 , Φ±

j (α) : V
(s)
α±1 → V

(s±1)
α

Ψ±
j (1) = 0, Φ±

j (α)(q(α±1)σ3
) = 0.

Ψ±
j (X) = ψ±j X − (−1)sXψ±j

Φ±
j (X) =

1

1 + i∓2(α−s)
(ψ±j X + i∓2αXψ±j )

• Invariant fermions

Ψ̂±(ζ) =

n∑

j=1

Ψ±
j

ijγ(ζ/ξj)
∏j
l=1 β(ζ/ξl)

,

Φ̂±(ζ) =

n∑

j=1

Φ±
j

ijγ(ζ/ξj)
∏j
l=1 β(ζ/ξl)

.

• Annihilation and creation operators

Ψ̂±
k = −resζ=ξkΨ̂

±(ζ)
dζ

ζ
,

Φ̂±
k = −iΦ̂±(iξk).
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Ψ̂±
k =

k−1∏

l=1

1 + ξ2
k/ξ

2
l

1 − ξ2
k/ξ

2
l

n∑

j=1

Ψ±
j Pkj,

Φ̂±
k =

k−1∏

l=1

1 − ξ2
k/ξ

2
l

1 + ξ2
k/ξ

2
l

n∑

j=1

Φ±
j (P−1)jk.

Pjk =






2ξj/ξk
1−ξ2

j/ξ
2
k

∏k−1
l=j+1

1+ξ2
j/ξ

2
l

1−ξ2
j/ξ

2
l

if j < k;

1 if j = k;

0 if j > k.

P−1
jk =






2ξk/ξj
1−ξ2

k/ξ
2
j

∏k−1
l=j+1

1+ξ2
k/ξ

2
l

1−ξ2
k/ξ

2
l

if j < k;

1 if j = k;

0 if j > k.
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• Another set of free fermions

U±
k =

∏

l 6=k

(1 − ξ2
k/ξ

2
l )
N±
l

(1 + ξ2
k/ξ

2
l )
N∓
l

,

χ+
k = Ψ̂+

kU
+
k ξ

α−S−1
k iα,

χ−k = Ψ̂−
k U

−
k ξ

−α+S−1
k (−1)N

−
k

i−S+1

1 + i2(α−S)
,

χ∗+k = iS−1(1 + i2(α−S))(−1)N
−
k ξα−S+1

k ×

×(U−
k )−1Φ̂+

k ,

χ∗−k = i−αξ−α+S+1
k (U+

k )−1Φ̂−
k .

• Cubic formula

c±k = χ±k χ
∓
k χ

∗±
k = χ±k (1 −N±

k ),

N±
k = Φ̂±

k Ψ̂∓
k = χ∗±k χ∓k


